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I. TIGHT-BINDING MODEL FOR EDGE-SHARING OCTAHEDRA

Consider a single xy(z) type bond, placing the Ir** ions at the origin and along §j — & as shown in
Fig. 1. The remaining bonds can generated using lattice symmetries. We denote the corresponding
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). The bond Hamiltonian
can be seen to be

T+T" =d Tyady +diTsd, (1)
where T, = Tsz. Due to inversion about the bond center and time-reversal, in the #,, basis we

have that T, = sz =Ty, so Ty, is real and symmetric.
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FIG. 1: The xy(z) bond on which we will compute the effective Hamiltonian

When only the two Ir** ions and the octahedra of O ions are included the form of T, is
constrained by symmetry. These symmetries are inversion through the bond center, as well as C,

axes through the [110], [110] and [001] axes, giving the form

tht 0
Tno=1tt0 (2)

001
with the three independent real parameters #;, f, and #;. The actual bond symmetry in the crystal
can be lower, for example due to trigonal distortion. Within the #,, manifold this can introduce

additional xz — xy and yz — xy hoppings such as

Hhtly
Ty, = h ) Iy (3)
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(¢) Ir-Ir overlap for 1, (d) Ir-Ir overlap for #3

FIG. 2: Schematic visual representation of the types orbital overlap contributing to the hoppings

t1, t; and 3 in Eq. 4a for the xy(z) bond.

We will discuss two possibilities relevant for Na,IrOs;and Li,IrO5: direct overlap between the d

orbitals and hopping mediated through the O~ ions.
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The three parameters #,4,, tsq, and 2,45 are the usual Slater-Koster parameters for direct d-orbital
overlap, with one expecting |f4-| > |taax| > |taasl. The oxygen mediated hopping is through the 7,4,
overlap with A,,; being the chemical potential difference between the Ir** and O% ions. A visual

representation of these overlaps is shown in Fig. 2.

II. STRONG COUPLING EXPANSIONS

To derive the effective Hamiltonian for the j. = 1/2 states we consider two forms of strong
coupling expansion. The first is the conventional case, where we take U, Jy > A > t. We consider

the Kanamori Hamiltonian for the two atoms

U-3J J
Hy +H, = TH [(N1 = 5 + (N, = 5)°| = 2J4(ST + S3) - 7”’@% +L3) (5)
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where U is the (screened) Coulomb interaction, Jy is Hund’s coupling, N is the total density

operator, L is the total (effective) angular momentum operator and S is the total spin operator.

Treating T + T as a perturbation to H; + H,, an effective Hamiltonian within the j.z = 1/2

subspace can be determined

AT n)(n |T|B)  {alTIn)n|T"|B
N_zz[( E>E +< E><E >|a>(ﬁ| ©)
B 10 n— =0 n— =0
where @, run over j.s = 1/2 states, |+%,+%>, |+% - %) |—% > and |—— —%> The excited

states of H, + H, are denoted by |n) with energies E, greater than the ground state energy E,. By

symmetry, the resulting spin Hamiltonian takes the form
Hey ~ JS) - S + KS{S5+ T (S1S) + SUS3) + T (S185 + S585 + SiS5+ 8385) (D

Carrying out the expansion one arrives at the following expressions for the exchange constants

4 [61,(ty +285) =922 92 +2(t, — 1% (2 2

4 1(t 3) i (ty — 13) N (2t +13) (8a)
27 U—3JH U-Jy U+2JH

4 2J J?
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=5 [(U YT JH)] ~ 50 ( i ) |36 + 201 - 13)| + 0(7) (8¢)
,__8.][.1 t(ty — 3 — 31p) o 8 (Ju L _12—1
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The full nearest neighbour spin model can be obtained using lattice symmetries to generate the
remaining bonds. The expressions given in Eqs. 3-5 of the main text can be obtained from Eq. 8
by setting 4 = 0.

A similar calculation can be carried out taking the limit U,A > Jy > t. Here the atomic
Hamiltonian includes only the Coulomb interaction U and spin-orbit coupling 4. The contribu-

tions proportional to Jy can then be included in the eigenstates and energies using (degenerate)
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perturbation theory, and H.g¢ evaluated as above. This gives expressions

S, d|entnr@s+30) 8 (97 +2(0 - 0) o
27 U? QU +32)?
2 th—1)? =3t -1
K = 3 JH ( 1 3) ( 2 4) (9b)
9 QU + 31)2
327 [362 4+ 26(t — t
_ 32 |34 2t — 13) ©90)
9 QU + 31)?
, 32Jy f4(f1 — 13— 3l2)
F="7 [ QU + 34)? ] G0

up to corrections of order O(J3/A%) and O(JZ/U?). Note that the dependence of these exchanges

on the hoppings is nearly identical in both perturbation theories.

III. DERIVATION OF I' TERM

To unambiguously show the existence of the I'" term in the strong-coupling Hamiltonian, we
derive the expression for I' explicitly. We will work in U,Jy > A4 > ¢ limit to connect with
the equations shown in the main text. The coefficient I' can then be determined from the matrix
element

T =2i(-1, -1 |Hegl +1 + 1) (10)

where H.g is the two-site effective Hamiltonian for a xy(z) bond. To simplify notation we use the

particle-hole mapping d°> — d', mapping the Hamiltonian of Eq. 5 to

Hy=H, + H, = U_TBJ” [Ny = 1% + (N = 1)?] = 2 (ST + $3) - %H(L% +13) (D

Since particle-hole conjugation effectively maps |+%> o |—%> we see that we are interested in
<+%, +% |Hq] —% - %) = <—%, —% |Hq] +% + %>* in this new basis. The eigenstates of H; or H, are
eigenstates of N, L2, L,S 2and S . at each site, which we will denote as sets using terms symbols
25+1[,. Bach individual eigenstates will be denoted as |2S LM, M >a with the total number N
understood from context and a = 1, 2 denoting the site index. The ground state is an N = 1 six-fold
degenerate 2P state with energy —5J5/2. Since the perturbation 7 moves an electron from site 2
to site 1 we need then only consider Ny = 2 and N, = 0O states. While the N = 0 state is a trivial

IS state, anti-symmetric N = 2 states can be formed by 'S, *P and ' D terms giving three relevant
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excitation energies

E('S)+ Ey('S)-2E,CP)=U +2Jy (12a)
E>CP)+ Eo('S) - 2E,CP)=U - 3Jy (12b)
E,('D)+ Ey('S)-2E,*P)=U - Jy (12¢)

where we have denoted the energy of the N-electron term >*!L as Ex(**!L). The most straight-
forward way to compute I is to first decompose T |+%>1 |+%>2 into eigenstates of H; + H,. Break

T into two parts T = T + T, with

n-3)

(on

Ty=1) (d . dre +d} . o) (13b)

o

(d{ X2, O.dZ,xz ot dir Yz 0'd2 Yz, 0' + 1 Z dl XY, a-dZ,xy,O'] (133‘)

Recall the definition of the j.¢ = 1/2 states as

1, . , , 2 1
|+%>a \/;(dayzl+zdam+dam )10), —[\gda+i i dm]|0>a (14a)

1 ;
[-3), = \g(dlm iy = o) O _[\/;d T

where a = 1,2 and we have defined the /. = 1 operators

1
d,, = \/;(d;ywﬂdj,m) (15a)

d . =id (15b)

a,0,0 a,xy,o

dtt o= \/g(da'yza lexzo-) (ISC)

In this form we can now act each part of 7, decomposing into the excited states as we go

W |
Q ¢

[\)
W =

daOl] 10), (14b)
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T, |+%>1 |+%> :( 1 3 3)(d1ryzl+ld1rle) 1WT|O>1 10,

==i(M5 ) [+ Lot =01 L)y |10,

( ) [P +1,0), —I'D,+1,0),]10), (16a)
T2 |+ > %>2 = 32 [2d{ X7, Ld;ﬂl +i (d;ryzj, ld;rle) 1,xy, T] |O>1 |O>2
=2 [ 2i(+ L, =L ==L+ +(=L0T)-10,T,— INI0),
= 5 > [-2V2i[P,0,-1) - ’P.-1,0) - |'D, ~1,0)] 0), (16b)
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To compute the matrix element we also need T |—%>1 |—§>2 related to the states shown in Eq. 16

by the action of time-reversal

=), ), = (57 PR 1.0, - .10 o e

Ty|-1) |-3), = %2[—2 V2i'P,0, +1) + [’P,+1,0) + |' D, +1,0}] 0}, (17b)

where we have used that the |2S LM, M 5> states pick up an additional sign (—1)5"5 M+Ms ypder

time-reversal. In this form we can simply read off the matrix elements

[ty = 13) 1 1
_l’_l FIe +l+l :4 2 —
(=33 Herl +3+ 1) ’( 9 U-3J; U-1Jy

_ 8iJy h(th — 1)
9 [(U—3JH)(U—JH)] (18)
Thus
_16Jy h(th — 1)
= [(U—SJHXU—JH)] (19

consistent with the expressions in the Eq. 5 of the main text and with Eq. 8c when 7, = 0.
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