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In this work we study phenomenological Landau theories of non-relativistic magnetic systems, generalizing
work on the collinear case to coplanar and non-coplanar orders. Focusing on zero-wavevector (k = () magnetic
orders described by a single irreducible representation of the crystallographic point group, we construct the
symmetry-allowed free energies to quartic order for all possible multi-dimensional irreducible ordering channels.
We find distinct Landau theories for tetragonal, trigonal/hexagonal, and cubic symmetry. Similar to the case
of spin-nematic fluids, we find two natural outcomes: a collapse to a lower-symmetry collinear phase or a
genuinely coplanar or non-coplanar order where the order parameters form a mutually orthogonal set in spin
space — reminiscent of the A and B phases in 3He. We show in general that this symmetry-broken phase
realizes the spin space group associated with the spatial representation of the order parameter sharing the same
parent space group as the paramagnetic phase. This provides a direct link between the Landau and spin space
group approaches. We calculate key observables using this Landau approach, including net magnetization,
spin conductivity, multipolar moments, and piezomagnetism, connecting our results to constraints from the
underlying spin space group. Examples of coplanar and non-coplanar magnetic orders for each case are worked
out in detail. Finally, we discuss the relationship of the lower-symmetry collinear phases to the usual collinear
spin groups, as well as connections to atomic altermagnetism, superfluid *He and electronic nematic phases.
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I. INTRODUCTION

Magnetic order in solids exhibits a remarkable variety of
structures, from simple collinear ferromagnets and antiferro-
magnets, to coplanar spirals and complex non-coplanar tex-
tures [1]. Many of the properties of these phases are dictated
by their magnetic symmetry: how the spatial symmetries of
the crystal can be combined with time-reversal symmetry to
leave the structure invariant. Just as crystalline symmetries
have been codified into the 230 space groups [2], the classi-
fication of magnetic symmetries has yielded 1,651 magnetic
space groups [3] that govern the possible symmetries of mag-
netically ordered crystals.

Additional possibilities arise in the non-relativistic limit,
where spin-orbit and magnetostatic interactions are neglected.
In this limit, spin and spatial degrees of freedom can trans-
form separately, opening new possibilities for operations that
preserve the magnetic structure — the so-called spin space
groups [4-14]. Classification of the spin space groups was
completed recently, yielding 1,421 collinear, 9,542 coplanar
and 56,512 non-coplanar distinct symmetry groups [12—14].

Though relativistic effects are always present to some de-
gree in materials, the non-relativistic limit has proven useful
for understanding magnets with weak spin-orbit coupling and
without significant dipole-dipole interactions. An important
class of these structures are thealtermagnets [15, 16]. In the
non-relativistic limit, these correspond to magneto-crystalline
structures whose symmetries form a subset of the collinear spin
spacegroups [11-14, 16]. These spin space groups determine
the symmetry-allowed observables and response functions in
the ordered phase, directly constraining microscopic descrip-
tions. In real altermagnetic materials, the leading-order mag-
netic energy scale has these enhanced symmetries, which lead
to a spin splitting of magnonic and electronic band structures.
This feature and other related properties have attracted atten-
tion as they have potential applications inspintronics [17-19].

A complementary perspective to that of spin groups is fur-
nished by Landau theory [20-22]. Instead of classifying the
symmetries of the ordered phase directly, we consider possible
order parameters defined by an irreducible representation (ir-
rep) of the paramagnetic spin space group [22]. The symmetry
of the order parameter and its direction in spin and represen-
tation space then determine the structure of the ordered phase.

Non-relativistic Landau theories that incorporate separate
spin-rotation symmetries have proven useful in classifying and
understanding the properties of collinear altermagnets [23, 24],
even allowing for predictions of the weakly relativistic limit.
They can directly connect the web of characteristic features
of altermagnetic materials — including allowed response func-
tions, transport coefficients, and secondary multipolar order
parameters — to the symmetry of the order parameter, the Néel
vector, N [23]. For this collinear case, one can construct a di-
rect map between the order parameter symmetry and the spin
space group of the ordered phase, tying the two approaches to-
gether [24]. However, for generalizations of altermagnets, for
example, to coplanar or non-coplanar structures, this remains
less well understood [25]. While some specific cases relevant
for individual materials or for a broad class of odd-parity mag-

nets [26, 27] have been explored [28, 29], it is also important
to explore magnetic structures in their entirety through the uni-
fying perspective of Landau theory. As explained below, this
approach brings tremendous explanatory power.

In this paper, we develop phenomenological Landau theo-
ries of non-relativistic magnetic systems, extending previous
work on collinear phases [23, 24] to encompass coplanar and
non-coplanar orders. Focusing on zero-wavevector (k = 0)
structures, we consider magnetic ordering driven by a single
irreducible representation of the crystallographic point group
and construct the corresponding symmetry-allowed Landau
free energies to quartic order. For coplanar systems, the order
parameter is a pair of spin vectors N, IV, that transform as
a two-dimensional irrep. For non-coplanar orders, three spin
vectors N1, No, N3 transform as a three-dimensional irrep of
the point group.

We find that there are two distinct quartic Landau theories
corresponding to coplanar orders with tetragonal symmetry or
trigonal, hexagonal, or cubic symmetry and one Landau theory
corresponding to non-coplanar orders with cubic symmetry.
No other crystal systems admit multi-dimensional irreps, so
within a single irreducible ordering channel they cannot realize
the coplanar or non-coplanar structures considered here [30].
We map out the phase diagrams of these Landau theories
and show that there are two natural classes of order: those
where the N, are all collinear, and those where the N, are
all mutually orthogonal and of equal length. To illustrate
these constructions, we provide detailed examples for each of
the three classes: two-dimensional irreps on the kagomé and
square plaquette lattices, and a three-dimensional irrep on the
pyrochlore lattice.

This phase structure mirrors that found in nematic and spin-
nematicfluids [31-34], with the collinear phase being analo-
gous to the A-phase of *He and the orthogonal phase being
analogous to the B-phase [35]. We further show that these
orthogonal phases do not lower the symmetry of the parent
space group, and that their corresponding spin space group
can be directly constructed from the representation of the or-
der parameter [12]. These Landau theories generalize those
of nematic and spin-nematic orders and provide a concrete
link between the Landau theory formulated from the paramag-
netic phase and the underlying spin space group of the ordered
phase. In addition, these orthogonal phases are directly related
to so-called regular magnetic orders (RMOs) [36]. It was ob-
served in Ref. [36] that these structures encompass many of
the complex magnetic orders that appear classically on lattices
exhibiting geometric frustration and that they correspond to
extrema in the energy landscape for all couplings.

It is remarkable that so few Landau theories are sufficient
to describe magnetism in the non-relativistic limit. However,
this simplification raises an important question: how does this
approach recover the very large number of spin space groups?
The answer to this question lies in the so-called epikernels of
the high-symmetry group.

The paper is structured as follows. We begin, in Section II,
with a summary of the direct and inverse Landau problems
and an introduction to epikernels. Then, in turn, we introduce
Landau theories for collinear, coplanar and non-coplanar order



in Section III, where we present the phase diagrams of these
Landau theories revealing collinear and orthogonal phases. In
Section I'V, we show that orthogonal phases with Néel vectors
of equal length correspond to magnetic structures that preserve
the space group of the paramagnetic phase up to spin rotations.
These are the regular magnetic orders. Section V gives de-
tailed illustrations of Landau theory methods as applied to
magnetic structures on the kagomé lattice, the square plaque-
tte lattice and the pyrochlore lattice. For each example, we
provide explicit structures corresponding to the Landau theory
phases, parameterized by some set of angles. For these exam-
ples, we compute the epikernels associated with the principal
collinear and orthogonal order-parameter families, including
configurations beyond the generic minima of the quartic Lan-
dau theories. This illustrates how many distinct spin space
groups can emerge from a small number of Landau theories.

Having characterized magnetic structures from Landau the-
ory, we examine their observable signatures from a symme-
try perspective (Section VI). We consider magnetization, spin
transport, the magnetoelectric effect, piezomagnetism, and
multipolar order. Extension to other observables is straightfor-
ward using the methods discussed here. Finally, in Section VII
we connect the Landau theory methods to other topics. For ex-
ample, we show that the insights of this approach map naturally
to cases where magnetic sites are associated with a complex
pattern of spin density, including atomic altermagnetism. We
also elaborate on various interesting connections to superfluid
3He and electronic spin nematic phases.

There are extensive appendices where we explain, in detail,
why we can formulate Landau theory based merely on irreps
of the parent space group rather than having to worry about
time reversal and spin rotation symmetries also present in the
paramagnetic phase. We give tables of epikernels on the py-
rochlore lattice. We explain how to build spin point groups
unique up to conjugation. An appendix is dedicated to ex-
plaining the symmetries of spin conductivity. Appendix Fis a
reference for identifying symmetry-allowed responses in non-
relativistic magnets. Appendix B goes into more detail about
the connections between orthogonal phases, regular magnetic
orders and spin groups.

II. DIRECT AND INVERSE LANDAU PROBLEMS

Landau theory is a general phenomenological framework
for understanding phase transitions accompanied by a change
in symmetry [20]. The transition is characterized by an order
parameter that is zero in the symmetric phase and nonzero in
the ordered phase, where only a subset of the original symme-
tries survive. More precisely, a Landau theory is defined by
a high-symmetry group G, a low-symmetry group H, and an
order parameter transforming as a non-trivial irrep @ of G but
trivially under H [37].

It is useful to distinguish two cases of interest: the direct
and inverse Landau problems. The direct Landau problem
asks which H are possible given G and an order parameter
transforming as ®@. The inverse Landau problem asks which
irreps @ (and corresponding order parameters) could facilitate

a transition from G to H [21, 38-45].

When @ is one-dimensional the two problems are identical:
H is determined by G and @, and similarly, ® is fixed by G
and H. However, when @ is multi-dimensional the direct and
inverse problems do not necessarily have unique solutions. In
the direct Landau problem several H can be consistent with
a given G and @, depending on the orientation of the order
parameter in this higher-dimensional space. Similarly, the
inverse problem does not necessarily yield a unique irrep ®
for a transition from G to H. This implies that in the case of
higher-dimensional irreps more information than simply ®, G
and H is needed to determine properties of the ordered phase.
The direct and inverse problems are nonetheless equivalent:
when all possibilities are considered, both yield the same set
of Landau theories.

As we are interested in magnetism, we start from the param-
agnetic phase and our first goal is to carry out the direct Landau
approach to understand all dipolar magnetic orders that arise
in the non-relativistic limit. The high-symmetry group, S, of
the paramagnetic phase includes all elements of the crystallo-
graphic space group, S, as well as full spin-rotation symmetry
SO(3), and time-reversal, T [7, 8, 10-12, 14],

S=003) xS, (D

where O(3) = SO(3) x {1, T} identifies the improper rotations
as including time-reversal. The irreps of & determine the
possible order parameters of the low-symmetry phase. Each
can be written in terms of an irrep of the space group part and
the spin part (which naturally carries an angular momentum
label). Schematically, we write such a representation as

_r©
»=ryor,

where Fég) is the rank-¢ angular momentum irrep of O(3) and
I' is some irrep of the space group S.

For ordering of spins into a conventional magnetic order we
have £ = 1 and only need to consider the vector representation

Fél) of O(3). Thus the Landau theory is fully defined through
the space group irrep I'; in what follows we will leave the O(3)
implicit. We will further consider magnetic orders that do not
enlarge the unit cell, so we seek irreps of the space group S
with k = 0, which correspond to irreps of the point group G
associated with the space group.

For a point group G, the irrep I" can be one-, two-, or three-
dimensional. We treat each case in turn.

For a one-dimensional irrep, we can write a single vector
order parameter N transforming as ®. Under spin rotations NV
rotates like a vector, while under point group operations it ac-
quires a sign fixed by the one-dimensional irrep I'. Explicitly,
for a spin space operation [R||g] where g € G we have

Rll¢
N[ llg] I'(¢)RN,

with I'(g) = +1. Here, knowing I" determines the spin space
group of the ordered phase, as shown in Ref. [24], independent
of the direction V.

For a two-dimensional irrep I', we write a pair of vector
order parameters N, N, that transform as @. Under spin



rotations, each of N, N, rotates as a vector, while under point
group operations they form linear combinations. For a spin
space operation [R||g] where g € G this is

N\ [Rlgl (Ty1(g) Ta(g)) (RN
N, Ii(g) Ta(g)) \RN> )’

with I'(g) being a two-by-two matrix. Similarly, for a three-
dimensional irrep I', we write a triad of vector order parameters
N1, N>, N3 that transform as ®. Under spin rotations, each
of N1, N,, N3 rotates as a vector, while under point group
operations they form linear combinations. For a spin space
operation [R||g] where g € G this is

Ny RN,
R

Ny | 2L p o) (RN, |,

N3 RN;

with T'(g) being a three-by-three matrix that does not act on
the spin indices. Unlike the one-dimensional case, in the two-
and three-dimensional cases, I" does not determine the spin
space group uniquely. The spin group depends on the relative
orientations of the vectors N.

A. Epikernels

For higher-dimensional irreps, the spin space group of the
ordered phase depends on the relative orientation of the dif-
ferent N, vectors in the order parameter space. Our goal here
is to determine all relative orientations that yield a non-trivial
spin space group in the ordered phase. Historically, the ques-
tion of finding such possible low-symmetry groups is referred
to as searching for the isotropy subgroups [22, 39, 40, 46-51]
or the epikernels [38, 52-54] of the high symmetry group.

A given orientation of the N, may still preserve some sym-
metries of the paramagnetic group, forming a subgroup H of
G = O(3) x G. The orientations that are compatible with a
given subgroup satisfy

Rl
Ng M Z Faa’(h)RhNa’ =N, ()

for each [Ry||h] € H. The problem is thus to determine
the stabilizing subgroup for each possible N,. Practically,
we solve Eq. (2) for each element of the paramagnetic group
G and determine orientations of the N, consistent with that
element. Note that the allowed spin rotations Ry, are highly
constrained by the structure of Eq. (2). Subgroups can then be
identified via common orientations of the N, in each solution,
and we implement this program for the examples with two-
and three-dimensional irreps in Sec. V. Alternatively, the same
subgroups can be determined by finding subgroups H where
the restriction of @ to the elements of 4 contains the trivial
irrep, which we demonstrate on the kagomé example.

III. MULTI-DIMENSIONAL LANDAU THEORIES

Having introduced the Landau framework, we now discuss
the possible Landau theories for the higher-dimensional repre-

sentations. We find that there are only four distinct symmetry-
allowed forms: one for one-dimensional irreps, two for two-
dimensional irreps, and one for three-dimensional irreps. We
focus on the free energy, an expansion in low-order polynomi-
als of N, as is appropriate near a continuous phase transition.

A. One-dimensional irreps

The case of a one-dimensional irrep is particularly simple, as
spin-rotation and time-reversal symmetry force the free energy,
F, to be a function of only N - N. Explicitly,

F(N) = f(IN]*) = aIN> + a4|N|* + . . ..

For this to be bounded from below at quartic order we require
as > 0. When a; > 0 there is only the trivial solution N = 0,
while for a; < 0 we have a continuous family of non-trivial
solutions with |N| = +/|az|/(2a4). These describe collinear
phases, with a continuous spin rotation symmetry about the
order parameter direction N.

B. A remark on crystal systems

Crystals can be separated into seven crystal systems associ-
ated with their point group symmetry. These are triclinic,
monoclinic, orthorhombic, trigonal, hexagonal, tetragonal,
and cubic. One-dimensional irreps I' appear in the point
groups belonging to all of these crystal systems. However,
2D and 3D irreps appear only in crystal types of higher sym-
metry. In particular, one finds 2D irreps may arise only in
trigonal, tetragonal, hexagonal and cubic crystals while 3D
irreps appear only in cubic crystals.

C. Two-dimensional irreps

The case of a two-dimensional irrep is more interesting, as
there are multiple distinct terms allowed at fourth order in Ny,
N,. As in the collinear case, time-reversal and spin-rotation
impose strong constraints on the free energy, forcing it to be a
function of only |N|?, [N2|> and N - N». Explicitly,

F(vaNZ) Ef(|N1|29|N2|29N1 N2)

Within this class, we distinguish two cases: when the point
group is tetragonal and when the point group is trigonal, hexag-
onal or cubic, as the allowed quartic terms differ.

Begin with the tetragonal case. The allowed terms can be
classified using the transformation properties of the three O(3)
invariant quantities |N{|?, |[N2|*> and N - N, which transform
as the symmetrized tensor square of I', ["2].

For the non-cyclic tetragonal point groups, the symmetric
square of an E-type irrep contains one trivial irrep and two
inequivalent non-trivial one-dimensional irreps. For example,
in 422 (Dy4), [E®] = A, + By + B,. This implies a single
allowed quadratic term, as there is only one scalar A;. Then,



( [T?] )2 yields three allowed quartic terms, one from the square
of each one-dimensional irrep. Explicitly, the free energy can
be written as

F4(N1,N2) = a2 (IN1[* + |N2|?) + as(IN1[* + | N2|?)?
+ ba|N1PIN2* + ¢4 (N1 - No)*. 3)

The cyclic tetragonal groups 4, 4, and 4/m require a qual-
ification as in these groups [E?] ~ A + 2B. The two B com-
ponents |[N|?> — |N»|> and N - N, thus transform identically,
and so their cross-term is symmetry-allowed. However, this
term can be removed by a rotated choice of basis [55]. Thus,
for any fixed set of coefficients, the free energy can be brought
to the canonical form of Eq. (3). This does not reduce the
number of independent quartic invariants in a fixed basis, but
uses the freedom to choose the irrep basis after the coefficients
are specified.

We will focus on the case of negative a», positive a4 where
there are non-trivial solutions for the N{, N, vectors. Note
that when b4 = ¢4 = 0, this free energy enjoys an enlarged
O(6) symmetry as it only depends on |N|> + |N»|?. In this
limit |N{|> + |N2|* = |aa|/(2a4), as in the one-dimensional
case, and the direction in the higher-dimensional space (spin
and representation index) is undetermined.

The qualitative structure of the phase diagram can be under-
stood by perturbing away from this limit, taking b4,cs <
|az|, as. Positive by favors one of N; or N, being zero,
while negative b4 prefers finite Ni and N, with equal magni-
tude. Positive c4 favors N; L N, while negative c4 selects
N[N [56].

For the non-cyclic tetragonal groups, we thus have three
natural phases: a phase where one of N or N; vanishes (we
call this the “single-N” phase), and two phases where both
are non-zero and of equal magnitude, one with N;||N; (the
“parallel” phase) and one with N; L N, (the “orthogonal”
phase). The single-N and parallel phases are both collinear
(they have a continuous U(1) symmetry about their common
N direction), while the orthogonal phase is coplanar (it only
has a 2, T spin-only symmetry, where the 2, axis is along
N 1 X N 22.

For 4, 4, and 4 /m, the same canonical free-energy form may
be used after a basis rotation, but the distinction between the
single-N and parallel states is basis dependent. These should
therefore not be regarded as two symmetry-distinct collinear
phases in the cyclic tetragonal groups. Instead, the generic
collinear minimum has an orientation in the two-dimensional
representation space that can vary continuously with the quar-
tic coefficients [57].

The phase diagram is shown in Fig. 1. The theory is stable
when 4a4 + bs > 0 and 4a4 + c4 + by > 0. The three phases
expected from the limiting analysis appear; their energies are
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where Fingle-y is the free energy of the single-N phase, F)
is the free energy of the parallel phase and F, is the free
energy of the orthogonal phase. The phase boundaries can be
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FIG. 1. Phase diagram for the Landau theories with an order param-
eter transforming as a two-dimensional irrep with ap < 0 and a4 > 0.
For the non-cyclic tetragonal point groups there are two independent
parameters by and c4 and three distinct phases: the single-N phase
(only one of N1, N, non-zero), the parallel phase (N1||N2) and the or-
thogonal phase (N| L N3). For the cyclic tetragonal groups 4, 4, and
4/m, the general quartic free energy contains an additional mixed in-
variant (see text). In the parallel and orthogonal phases |[N|| = |N2]|.
For the trigonal, hexagonal or cubic point groups, symmetry forces
bs = —c4, indicated by the diagonal line labeled F3. There are two
phases: a degenerate collinear phase and the orthogonal phase.

determined when these free energies become equal. We find
that the orthogonal phase appears for b4 < 0 and ¢4 > 0, the
parallel phase when c4 < 0 and by < —c4 and the single-N
phase when b4 > 0 and b4 > —c4.

Next we consider point groups with trigonal, hexagonal or
cubic symmetry. As in the tetragonal case, we can classify the
allowed terms using the O(3) invariant |[N{|?, |N2|>, N - N>
variables. For an E-type irrep in such a group the symmetric
square contains the trivial irrep and a two-dimensional irrep
(e.g., in the point group D, [E3] = A + E;). This implies
a single allowed quadratic term and only two allowed quartic
terms (formed from the trivial square and the square of the
two-dimensional irrep). The free energy can then be written
as

F3(N1,N2) = as(IN1* + [Na?) + as(IN1 > + [N2|*)?
+ by (INPINP = (N1 N2)?) @)

This is the same form as in the tetragonal case but with ¢4 =
—b4. The phase diagram is thus simply a cut of that derived
for Eq. (3) as indicated by the diagonal line in Fig. 1.

This cut runs along the phase boundary of the single-N



and parallel phases, rendering these degenerate when b4 > 0.
Along this line, the configurations which minimize the free
energy are of the form N1 = (N cos@)N and N, = (N sina)N
with the angle « arbitrary. To break this accidental symmetry,
terms at sixth order in the order parameter are required. The
orthogonal phase that appears for b4 < 0 does not qualitatively
change with respect to the tetragonal case.

D. Three-dimensional irreps

The case of three-dimensional irreps is similar to the two-
dimensional case. Time-reversal and spin-rotation impose the
same constraints, forcing the free energy to be a function of
only the six O(3) invariant quantities |[N;|?, |N2|%, |N3|%,
Ni1-Nj, N>-N3, and N3-N;. The free energy can then be
written

F(N1,Na, N3)=f(IN1[%|N2|% |N3|*,N1-N2, Na-N3, N3-Ny).

These invariants transform as [I"2] which for all T-type irreps
contains the trivial irrep and a two- and three-dimensional
irrep (e.g., in O we have [T22] = A + E + T,). This implies
a single quadratic invariant (from the trivial irrep) and three
quartic invariants formed by the squares of the one-, two- and
three-dimensional irreps. This yields

2
F=a (N2 + N2+ IN31) + s (IN1 2+ [N + VP2
+ by (INPINP + INSPINS P + N3PV P

+cy (N1 N2+ (N2 N2+ (N3 - N2 5)

Following the approach discussed for the two-dimensional
tetragonal case, we find a nearly identical set of phases: a
single-N phase where only one of N1, N, N3 is non-zero, a
parallel phase where N||N|| N3, all of equal magnitude, and
an orthogonal phase where N, N,, N3 are mutually orthogo-
nal and of equal length. The single-N and parallel phases are
collinear while the orthogonal phase is non-coplanar with no
remnant spin-only symmetries.

The phase diagram is shown in Fig. 2. The theory is stable
when 3a4 + bs > 0 and 3a4 + c4 + bs > 0. The three phases
expected from the limiting analysis appear; their energies are

2
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where Fiingle-n is the free energy of the single-N phase, F) is
the free energy of the parallel phase and F, is the free energy
of the orthogonal phase. Identical to the two-dimensional
tetragonal case, we find that the orthogonal phase appears for
by < 0 and ¢4 > 0, the parallel phase when ¢4 < 0 and
b4 < —c4 and the single-N phase when b4 > 0 and by > —c4.
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FIG. 2. Phase diagram for the Landau theories with an order
parameter transforming as a three-dimensional irrep with a, < 0
and a4 > 0. There are two independent parameters b4 and ¢4 and
three distinct phases: the single-N phase (only one of Ny, N2, N3
non-zero), the parallel phase (N ||N2||N3) and the orthogonal phase
(N1 L Ny L N3). In the parallel and orthogonal phases the magni-
tudes of each vector are equal, [N|| = |[N2| = |[N3].

IV. ORTHOGONAL ORDERS AND MAXIMAL SPIN
SPACE SYMMETRY

A common feature of the Landau theories derived above is
the appearance of a phase in which the vector order parameters
have equal magnitude and are mutually orthogonal,

Na'szNzéub- (6)

For a two-dimensional irrep this describes a coplanar state,
while for a three-dimensional irrep it describes a non-coplanar
state. We now show that orthogonal phases with all | N, | equal
preserve the full parent point group modulo spin rotations.
Consider an order parameter transforming under a real d-
dimensional irrep I" of the point group G, with d < 3. We
collect the d vector order parameters into the 3 X d matrix

| I
N=|N; --- Ngf. O]

Under a spin space operation [R||g], with R € O(3) and
g € G, the order parameter transforms as

N — RNI'(g)T. )

A spatial operation g is therefore preserved by the ordered
state, modulo a spin rotation R,, when

RN =NI'(g). Q)



The consequences of Eq. (9) are most easily seen by introduc-
ing the Gram matrix Q.p = N4 - Np. In matrix form

Q0 =NN. (10)

Since R, is orthogonal, Eq. (9) implies

Q=N"R,"R;N=T(g)"QI(g). (1
for every g € G. This is equivalent to
[@.T(g)] =0, (12)

since I'(g) is orthogonal. Since the matrix Q is real and sym-
metric it can be diagonalized. From Eq. (12), each eigenspace
of @ is invariant under I'. Since T is irreducible, Q can have
only a single eigenvalue [58]. Hence @ = N1 or equivalently

N, Np=N>6up. (13)

Thus preservation of the full point group modulo spin rotations
requires the vector order parameters to have equal magnitude
and to be mutually orthogonal. This result can equivalently be
viewed as an application of Schur’s lemma (see Appendix B).

The converse also holds. Suppose the order parameter is in
the orthogonal phase of Eq. (6). Collecting these vectors as
the columns of a matrix gives

N=NU, (14

where UTU = 1. For d = 2, the columns of U span the plane
of the two order parameters, while for d = 3 they form an
orthonormal basis of spin space.

Now consider a spatial symmetry g € G. The matrix I'(g)
mixes the order parameters while preserving their inner prod-
ucts. Since the vectors N « form an orthonormal set, the same
transformation can be realized as a spin rotation acting on the
subspace spanned by them. We therefore define R, through

R,U = UT(g). (15)

For d = 3, this determines the spin transformation uniquely,
giving R, = UI'(g)UT. For d = 2, Eq. (15) determines
the action of R, within the plane spanned by N; and N»;
its action on the normal direction can then be chosen so that
R, is an element of O(3). Using that N = NU, Eq. (15)
recovers Eq. (9). Thus every spatial operation g € G can be
compensated by a spin transformation R, and the orthogonal
phase preserves G modulo spin rotations.

We therefore arrive at a direct equivalence: for an order pa-
rameter transforming under a real irreducible representation,
the full parent point group is preserved modulo spin rotations
if and only if the order parameter vectors form an equal-length
orthogonal set. These orthogonal Landau minima are natu-
ral realizations of regular magnetic orders [36] described in
the introduction. They were found to be a useful class of
variational states for classical Heisenberg models as they are
extrema of the energy and frequently appear as ground states.

Importantly, if the order parameters are not in this equal-
length, orthogonal configuration, the symmetry of the resulting
phase must be lower than that of the crystal, even modulo spin

rotations. Phases such as the collinear parallel and single-N
phases have this character: the parent space group of their spin
space group is only a subgroup of the crystal’s symmetry.

The spin space groups corresponding to these states can
be constructed directly from the spatial representation I', fol-
lowing the framework of Xiao et al. [12], providing a natural
generalization of the same result for collinear orders [24]. The
lattice-specific examples considered below provide explicit re-
alizations of this general result.

V. EXAMPLES

To illustrate this framework, we explicitly derive the relevant
Landau theories for three cases. Two involve two-dimensional
irreps: a magnetic order on the kagomé lattice where the
symmetry is hexagonal and an order on a square plaquette
lattice where the symmetry is tetragonal. Finally, we consider
a case with a three-dimensional irrep on the pyrochlore lattice.

A. Kagomé lattice

The unit cell of the kagomé lattice contains three atoms, as
illustrated in Fig. 3. The point group of the lattice is the hexag-
onal group 6mm (Cs,,). We consider a k = 0 magnetic order
with moments m 4, mg, m¢ on these sublattices. Under the
action of this group, the atoms permute, transforming as [59]

Iperm = A1 + Eo. (16)

In terms of the magnetic moments, the A; component corre-
sponds to a uniform ferromagnetic order, with order parameter
M =myg +mp+mc. The E, component corresponds to a
coplanar compensated order parameter with

N1\ %(2mA_mB_mC)
Ny) %(mc—mB) '

Inverting this transformation, a finite M gives equal m 4, m g,
mc. A finite E; order parameter instead yields

(17a)
m ! N 1 N (17b)
= —-——= 11— —= 2y
P77V V2
1
mec =—-——N; + —N>, (17¢)
V6 2

with zero total magnetization m4 + mp + mc = 0.

The Landau theory for such E; orders is described in
Sec. III C by the F3 free energy given in Eq. (4). There are
two natural phases, one degenerate phase where N| and N,
share a direction, but not necessarily the same magnitude, and
one orthogonal phase with N; L N;,. We illustrate the mag-
netic moment configurations for two example states from these
phases in Fig. 3, using the mapping given in Eq. (17).
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FIG. 3. Illustration of two magnetic orders in the phase diagram of
Fig. 1 (on the F3 line) on the kagomé lattice. (a) Collinear phase,
corresponding to the single-N phase with Ny = Nj and N, = 0.
(b) Coplanar 120° phase, corresponding to the orthogonal phase with

= \/3/2N%, N, = \3/2N§.

= \3/2N%,

For the orthogonal phase we choose N

N, = +/3/2Ny; the state is coplanar, with moments

my = N, (18a)
1, V3

=N|——f- 29 18b

mp N( > 2)’), (18b)
1, V3,

mc =N (_E + 7)’) , (18¢)

arranged in a 120° pattern.

In this hexagonal case, the single-N and parallel phases are
degenerate, allowing for arbitrary mixing between them. This
family can be parameterized by an angle . Explicitly,

N; = (Ncosa)N, N> = (Nsina)N. (19)
A particular value of « is only selected by sextic terms in the
order parameter, breaking the accidental U(1) symmetry. We
illustrate one of these states, choosing @ = 0, thathas Ny = N,
N, = 01in Fig. 3. This gives
1
=—-——N, (20)

2
mA—\/;N, \/6

with unequal moments, [m 4| = 2|mp| = 2|m¢|.

The epikernels for this two-dimensional order parameter can
be worked out explicitly. Recall, to find the epikernel we solve
for each g € 6mm the equation

N1\ _ (T1i(g) Ti2(g)) (RN, 21
Nz| ~ \I21(g) Ta(g)] \RN2) -

mp =mc

When the solution spaces for each g are known, we can identify
the relevant subgroup H < G via the elements that leave a
common subspace invariant.

We begin the analysis with the collinear degenerate phase
where we can write (without loss of generality) N| = NN,
N> = N,N. First note that these order parameters are pre-
served by any O(3) matrix R satisfying RN = +N. The
elements that preserve N are the elements of the collinear
spin-only group, which contains SO(2) rotations about the
collinear axis as well as a two-fold 2, spin rotation perpen-
dicular to this axis combined with time-reversal. We denote
this group as b, = SO(2) ~ {1,2,T}. The elements that map
N — —N are those of the spin-only group combined with
time-reversal, which we denote as b7T. Solutions for R in
Eq. (21) can thus be parameterized entirely in terms of a sign
v = x1 encoding whether R belongs to b, (y = +1) or b T
(y=-D.

To determine these signs, consider one representative from
each conjugacy class of 6mm (Cgy): 1,2;, 6,3, m,, and m,,.
The identity 1 and the 2, operation are trivial in the E» irrep,
and thus R can be any element in b, and so y = +1. Next
consider the 6, operation which acts as

)= 7))

7



Fory = +1 this is a rotation by 277/3, and for y = —1 arotation
by —m/3, in the (N}, N,) plane; neither has a fixed vector, so
there is no non-zero solution. Similarly, the defining equation
for 3, also has no non-trivial solutions. Finally, for the mirror
my, following the same logic, we have

)= (o %) ()

There are two solutions: if y = +1 (R € b)) we have N; # 0,
N, = 0, while if y = -1 (R € b T) then Ny = 0, N, # 0.
An identical analysis follows for m,, since I'(m,) = I'(m,,) for
E,.

From these solutions, we can identify the relevant epiker-
nels. For a generic choice of Nj, N, only the equations for
1 and 2. can be satisfied, and thus the epikernel is bo, x '2.
For N1 # 0 and N, = 0 additionally m,, m, can be satis-
fied, without inclusion of time-reversal and so the epikernel is
beox'm'm'2. Thisis a = 0inthe language of Eq. (19). Lastly,
when Ny = 0 and N, # O the my, m, operations are accom-
panied by time-reversal and so the epikernel is bo, x 'm!'m!'2,
corresponding to @ = /2. Additional epikernels can be gen-
erated by considering mirrors generated by conjugating m,
and m,, with the 6, or 3, rotations, corresponding to choices
of @ = (2n)n/6 or @ = (2n + 1)m/6. We show illustrations
of these two states, along with the variation of the moment
lengths, in Fig. 4.

Note that the @ = 0 and @ = x/2 states can be viewed as
collinear structures in mm2 < 6mm, with the sign structures
defining one-dimensional irreps A; (@ = 0) or Ay (@ = 7/2).
In this setting the @ = 0 phase is a ferrimagnet (see Sec. VI A 2)
and the @ = /2 phase is an altermagnet (d-wave). There is
a natural interpretation of these assignments in terms of a
Landau theory formulated directly for these collinear orders.
Instead of proceeding via the two-dimensional E, order pa-
rameter, we could define a one-dimensional A; or A, order
parameter in the subgroup O(3) x mm?2 of the original param-
agnetic group.

Next, we consider the orthogonal phase where N; and N,
are of equal magnitude and orthogonal. Note that there is
a coplanar spin-only group that leaves these invariant: this
is a 2, T rotation about the axis Z. We denote this group
bz, = {1,2,T}. In Eq. (21) the matrix R must preserve the
plane defined by N and N,. Such a transformation must take
the form of a (proper or improper) rotation about the normal to
the plane, N; x N, or a two-fold rotation about an axis lying
within the plane. Some of these elements act non-trivially
on N 1 X N 2; combining such elements with the 2, T element
of the spin-only group renders their action on this direction
trivial. Thus we can consider only R acting within the N, N,
plane.

Following the choice made for Fig. 3(b), set N; = £ and
N> = §. The defining equation for the epikernels [Eq. (21)] is
then

N# = N (I'11(g)R% + T12(g)RY),
Ny = N (T2 (g)RX + I'a(g)RY) .

Keeping in mind that the R rotation acts only on X, y, and
expanding the matrix-vector products, e.g., RX = R;1X+R»1¥,

(22a)
(22b)

(a) _— my _— mp - mc
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FIG. 4. Illustration of the degenerate collinear phases of the E,
order on the kagomé lattice, parameterized by the angle o [Eq. (19)].
(a) The magnetic moments are compensated (at linear order) and
collinear, and we show the modulation of the signed moments m4 =
ma-N,mg=mp-N, mc =mc-N. (b),(c) We show two high-
symmetry states at @ = 0 (N1 #0,N, =0) and a=n/2(N; =0,
N> # 0) with epikernels bo, x 'm'm'2 and boo X 'm m12re§pectlvely
Generic values of o have epikernel b, X '2. We indicate o values
equivalent to @ = 0 in (a) by filled circles, and equivalent to @ = /2
by open circles.

we obtain
(Nf)z([r(g)m]n [r(g>RT]lz) (Nx) I(g)R™ (Nx)
Ny [T(g)RT]21 [T(g)RT]2n) \NY Ny

This then immediately implies that to satisfy this equation we
must have R = T'(g).

We thus see that for this phase each element g of 6mm can
be paired with a spin rotation corresponding to I'(g). The
epikernel is then isomorphic to 6mm (modulo the spin-only
group), and is given by bz, x 262m*m. We list the specific
matrices, R, for each conjugacy class of 6mm in Table I. We
also list the determinant of each of these matrices. Since each
element that acts non-trivially on £ is paired with the spin-only
2, T, the determinant of R specifies whether the operation is
unitary (+1) or antiunitary (—1). In Table VIII, we explicitly
verify the epikernels by subduction by identifying the spin
point subgroups of O(3) x 6mm for which the restriction of

Fél) ® I contains the trivial irrep.



Degenerate Orthogonal

g R

g vy Subspace detR

1 +1 (?2) 1 ((1) ?) +1
2, +1 (x;) 2, ((1) (1)) +1
3, (o) 3, 5 +1
6, (0) 6, ? _% +1
+1 N 1 0
My 0 My 0 -1 -1
_1 0
N
+1 N 1 0
my 0 my 0 1 -1
_1 0
N

TABLE I. Solutions of Eq. (21) for the two phases of F3 [Eq. (4)] of
the E, order parameter on the kagomé lattice. For a representative
g of each conjugacy class of 6mm we specify the associated rotation
R together with the subspace of (Nj, N,) that is then left invariant
(a subspace (0, 0) indicates that Eq. (21) has no non-trivial solution).
For the degenerate collinear phase only the sign 7y is listed, fixing
RN = yZV, modulo elements of the spin-only group, b.. For the
orthogonal phase, the spin rotation R associated with g is T'(g),
modulo elements of bz,, with det R = +1 or —1 indicating whether
the operation is unitary or antiunitary.

B. Square plaquette lattice

The kagomé example is constrained by its hexagonal point
group to the F;3 line of Fig. 1; to illustrate the generic non-cyclic
tetragonal case, with b4 and c4 independent, we now consider a
square-plaquette example with the non-centrosymmetric point
group 4mm.

We take a lattice with four magnetic ions in the unit cell
located at the corners of a square plaquette, which we label
A, B, C and D, as illustrated in Fig. 5. The point group of
the lattice is 4mm (Cy,). We consider k = 0 order within
this unit cell with moments m 4, mpg, mc, mp on these four
sublattices. Under the action of the point group the four sites
permute, transforming as [60]

Tperm = A + By + E. (23)

The A component is the uniform ferromagnetic order param-
eter M = my + mp + mc + mp. Unlike the kagomé case,
I'perm also contains a non-trivial one-dimensional irrep, B>,

L:mA—mB+mC—mD,

describing conventional Néel order. Being one-dimensional,
its Landau theory is the collinear one discussed in Sec. III, so
we do not consider it further. The interesting case is the E

10

component, with a two-component order parameter

N1=mA—mB—mC+mD, (2421)
Ny=mas+mp—mc—mp. (24b)

Inverting Eq. (24) with the constraint M = L = 0 gives
ma=5( Ni+N2), mp=3(-Ni+N2), (25
mc=%(-N1-Ny), mp=%( Ni-Ny). (25b)

The matrices I'(g) representing 4mm on (N, N;) follow di-
rectly from the site permutations and are listed in Table II.

Since the point group is tetragonal, the Landau theory for
this order is defined by the F4 free energy of Eq. (3) with
two independent quartic terms b4 and c4. As discussed in
Sec. IIIC there are three phases: the single-N phase where
one of Ni, N; vanishes, the parallel phase with N{||N, of
equal magnitude, and the orthogonal phase with N; L N
of equal magnitude. In contrast to the kagomé case, where
the single-N and parallel phases are degenerate, here these are
two distinct phases. We illustrate one example state from each
phase in Fig. 5, using the mapping given in Eq. (25).

For the orthogonal phase we choose N; = 2V2N# and
N, = 2V2N§, which yields

(£ +3),
(£-9). (20

Each moment points radially outward from the center of the
plaquette; this is the planar analogue of the “all-in/all-out” state
found in the pyrochlore lattice. As in the kagomé example,
this coplanar state has only a 2,7 spin-only symmetry, with
the 2, axis along N X N>.

For the single-N phase we take N = 4Ny and N, = 0, so
that the moments become

ma = Nﬁ, mp = —Nﬁ, mc = —NyA, mp = Nj’\, (27)
a collinear stripe order with all moments of equal length, run-
ning along y and alternating along X. Finally, for the parallel
phase we take N; = N, = 2N, which gives

ma=Ny, mp=0, mc=-Nj, mp=0. (28)

As in the degenerate phase of the kagomé lattice with @ = 7/2,
this state is collinear and compensated at leading order but has
unequal moments, with the order residing entirely on the A—C
diagonal while the B and D sites carry no moment at all.

The epikernels follow from solving, for each g € 4mm,

N RN

exactly as in Eq. (21), and identifying the subgroup ‘H < G
whose elements leave a common subspace invariant.

For the orthogonal phase, the analysis of Sec. V A carries
over verbatim. The coplanar spin-only group bz, = {1,2,T}
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FIG. 5. Three magnetic orders in the phase diagram of Fig. 1 for the square plaquette lattice, with A, B, C, D sublattices. (a) Orthogonal phase,
N\ = 2V2N#, N, = 2V2N§: every moment has length N and points radially out of its plaquette, the planar analogue of the “all-in/all-out”
state. (b) Parallel phase, N1 = N, = 2N§: collinear, with zero moment on B and D. (c) Single-N phase, N1 = 4Ny, N, = 0: collinear stripes
running along y, with all four moments of equal length. Each panel gives the state’s epikernel, and shows the direction of the order parameters.
Circles denote the positions of magnetic ions, while ligands (not shown) explicitly break inversion to realize a 4mm point group.

allows us to restrict R to the plane spanned by N; and N>.
Setting Ni=fand N, = ¥, Eq. (29) reduces to
- (3
and is solved by R = I'(g) for every g, identically to the
kagomé case. Each element of 4mm is paired with a definite
spin rotation, and the epikernel is isomorphic to 4mm itself.
The fourfold rotation acts as a 90° rotation in the (N, N3)
plane and so is paired with a fourfold spin rotation, in contrast
to the kagomé case where the E; irrep rotates at twice the
spatial rate and 6, is paired with a spin three-fold rotation.
The mirrors are paired with improper R and are therefore
antiunitary, while the rotations are unitary. The epikernel is
bz, x*42m2m. A representative orthogonal state is shown in
Fig. 5(a), and the explicit R are given in Table II.

For the two collinear phases, the structure of the spin-only
group is identical to that discussed in Sec. V A: the solutions for
R are parameterized by a sign y = =1 depending on whether
R lies in b (y = +1) or booT (y = —1), so that RN = yN.
The sign structures y of the two collinear phases are collected
in Table II.

In the parallel phase, the equation we need to solve is

(- )

which requires I'(g) to preserve or reverse the vector (1, 1).
The identity element 1 and the diagonal mirror m_, preserve
(1,1), yielding y = +1, while 2, and m ., reverse it, requiring
v = —1. The fourfold rotations and the axis mirrors have no
solution. The four relevant elements form an mm2 subgroup
generated by the diagonal mirrors, and the epikernel is b X
Um 'm 12 with the mirror planes normal to [110] and [110].
These symmetries can be easily checked using the example
state of Ny = N, = 2Ny shown in Fig. 5(b).
For the single-N phase, for each g € 4mm we must solve

(o -mols)

Collinear Orthogonal
g I'(g) single-N parallel R detR
1 ((1) (1)) +1 +1 ((1) (1)) +1
-1 0 -1 0
2, (O _1) -1 -1 (O _1) +1
0 1 0 1
S
0 -1 0 -1
-1
4; (1 0) - — (1 0) +1
-10 1 -10 1
e lo o - 0 1
1 0 1 0
S T T [
01 01
My_y (1 O) — +1 1 O) 1

0 -1
Mxty \_1 0 -

TABLE II. Solutions of Eq. (29) for the three tetragonal E phases
appearing in Fy [Eq. (3)] (single-N, parallel and orthogonal) on the
square plaquette lattice. For each element g of 4mm we give the
matrix I'(g) of the E irrep, the sign vy fixing RN = )/N in the two
collinear phases (a dash indicates Eq. (29) has no non-trivial solution),
and the spin rotation R for the orthogonal phase, where det R = +1
or —1 indicates whether the operation is unitary or antiunitary.

This has a solution only when I'(g) preserves or reverses the
vector (1,0). The fourfold rotations and the diagonal mirrors
provide no solution. The elements 1 and m,, preserve (1,0),
with ¥y = +1, while 2, and m, reverse it, requiring y = —1.
These four elements form a different mm2 subgroup of 4mm
than the parallel phase, generated by m, and m,,. The epikernel
is therefore bo, x 'm 'm 2. This is readily checked against the
state shown in Fig. 5(c): m, exchanges A <> D and B < C
and so is a symmetry on its own, while m, and 2, exchange up



and down moments and must be accompanied by time reversal.

The single-N and parallel collinear phases thus have iso-
morphic epikernels, which are distinct subgroups of G: they
are built from the two inequivalent mirror classes of 4mm and
are not related by conjugation, but instead by a change of axes.
These are the tetragonal counterparts of the « = O and @ = 7/2
states of the kagomé example, except here they do not belong
to a common degenerate manifold of states. In this case both
the single-N and parallel phases are altermagnets, with order
parameters transforming as By or B, in mm2, depending on
the choice of basis.

C. Pyrochlore lattice

The point groups of the kagomé and square plaquette lattices
do not support any three-dimensional irreducible representa-
tions. As an example of an irreducible non-coplanar phase,
we consider k = 0 orders on the pyrochlore lattice, illustrated
in Fig. 6. This three-dimensional cubic lattice has a point
group m3m (Oy,), and the permutation representation of the
four atoms in the primitive cell is

Fperm = Alg + ng. (30)
In terms of the magnetic moments of the four sites, which

we label ma, mp, mc, and mp, the Ay, part is the total
magnetization M = m 4 + mp + mc + mp and the T, part is

Ni=-myg+mp—mc+mp, (31a)
Ny=—-mys+mp+mc—mp, (31b)
N3= mag+mp—mc—mp, (31¢)

which may act as the order parameters on the pyrochlore lattice.
Inverting Eq. (31) with the constraint that M = 0, we can
express the moments on each sublattice in terms of these order
parameters,

mA:%(—N]—N2+N3), (32a)
mB:%( Ni+ Ny + N3), (32b)
mc:%(—N1+N2—N3), (32¢)
mp =7 ( Ni-No=Ns). (324)

The Landau theory for such T, orders is described in
Sec. [II D by the free energy given in Eq. (5). There are three
natural phases, the single-N phase where all but one of N1, N,
or N3 vanish, the parallel phase where N1||N,||N3 with equal
magnitude and an orthogonal phase where Ny L Ny L N3
with equal magnitude. We illustrate the magnetic moment con-
figurations for three example states of these phases in Fig. 6,
using the mapping given in Eq. (32).

For the orthogonal phase we choose N| = 4N£/V3, N, =

12

4N$ /N3, N3 = 4N%/V/3. This yields

N oA N A
ma=— (-X-y+2), mp=—( £+y+32),
V3 V3
(33)
me=Te (<£45-8), mp=-n( £-§-2)
V3 V3 ’

where the spins are arranged in an “all-in/all-out” pattern.
For the single-N phase, we consider N; = 4NZ and N, =
N3 = 0, which gives

mA=—N£, mB=+N£,

(34)

mc = —Nf, mp = +N£,

which is reminiscent of a spin-ice “two-in/two-out” configu-
ration. Lastly, we have the parallel phase where we consider
N =N, = N3 =4NZ/3. This gives

mu = _329 mp = Nﬁs
N, (35)
c = 3Z, D = 3Z.

Like the single-N case (@ = 0) in the kagomé example, this
phase is compensated at leading order but has unequal mo-
ments.

The epikernels can be worked out explicitly by solving for
each g € Oy, the equation

Ny RN,
Ny |=T(g)|RN2|, (36)
N3 RN;

where I'(g) is a three-by-three matrix, not acting on the spin
indices. As in the kagomé case, once the solution spaces for
each g are known we can identify the relevant subgroup H < G
via the elements leaving a common subspace invariant.

For the collinear phases the structure of the spin-only group
is identical to that of Sec. V A. For the single-N or parallel
phases we thus require a choice of sign y where RZ = yZ.

For the single-N phase, we try to solve for each g in m3m

N N
01=9T(g)| 0],
0 0

where I'(g) is the 7>, representation. This equation has solu-
tion only when this matrix preserves or reverses the (1,0, 0)
vector. The elements 1, 2, 2[¢11], 2[0”] have y = 1 while
4y, 471, 2y and 2, have y = —1. We have only listed proper
rotations since T, is inversion even. With inversion, these
generate a 4/mmm (Dgp,) subgroup of m3m. By restoring the

improper elements, the epikernel is then b, X I4 Jtm'mm.

For the parallel phase we need to solve a similar equation

N N
N|=yI'(g)[N].
N N

This requires that the element preserves or reverses the (1, 1, 1)
vector. No elements reverse this vector, and those that preserve
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FIG. 6. Illustrations of three magnetic orders in the phase diagram of Fig. 2 for the pyrochlore lattice. (a) Orthogonal phase, N| = 4N£/V3,
N> = 4N$ /3, N3 = 4N%/v/3: every moment has length N and lies along the local (111} axis of its own tetrahedron, the “all-in/all-out” state.
(b) Parallel phase, N = N, = N3 = 4NZ/3: collinear and compensated (at leading order), but with unequal moments. Sublattice B carries
moment N and the other three carry N /3 oppositely. (c) Single-N phase, N; = 4NZ, N, = N3 = 0: collinear with all moments of length N,
A and C opposite B and D, reminiscent of the “two-in/two-out” arrangement of spin ice. Each panel gives the state’s epikernel and the order

parameter directions.

form a 3m (D34) subgroup of m3m with the signs, v, corre-
sponding to the Aj irrep. The epikernel is then be, X '3!m.

For the orthogonal phase, unlike the other examples consid-
ered so far, the spin-only group is trivial. If we set Ny = x,
N, =y, N3 = Z, the defining equation for the epikernels is
then

N£ =N (T11(g)RE +T12(g)RY +T13(g)RZ),  (37a)
Ny = N (I21(g)RE + T2 (g)RY +T23(g)RZ),  (37b)
NZ =N (I31(g)RX +T32(g)Ry +T33(g)RZ).  (37¢)

Expanding the matrix-vector products yields

Nx Nx
N§|=T(g)RT|Ny|.
N3 N2

To satisfy this equation we find the same condition as in the
two-dimensional case, R = I'(g). Whether this rotation is
proper or improper specifies the pairing with time-reversal.
Thus, the fourfold rotations and diagonal twofold rotations are
paired with time-reversal. The epikernel is isomorphic to m3m
and is given explicitly by *<4 /% m3xz3"Mxy2 My

Only a small subset of possible phases is realized in the
phase diagram Fig. 2 of Eq. (5), because the free energy is
truncated at quartic order. Including higher-order terms may
realize phases other than these three. The epikernel analysis
described here also reveals symmetry-distinct states beyond
the generic quartic minima. In Appendix E, we give a com-
plete enumeration of the collinear and mutually orthogonal
epikernels for the pyrochlore 7>, order parameter.

VI. OBSERVABLES

Having laid out the framework for understanding the possi-
ble non-relativistic symmetry-broken phases via Landau the-
ory, we turn our attention to how observable quantities de-
pend on these order parameters. Observable quantities can
be viewed as functions of the equilibrium state, characterized
by the order parameters N,. In particular, near the phase
transition where the N, are small, these observables may be
expanded into powers of our order parameters. At each order
in this expansion, the symmetry-allowed terms are combina-
tions of the N, transforming the same way as the observable,
as we will describe throughout this section.

Because the order parameters are generically higher-
dimensional objects, carrying with them spin and spatial struc-
ture, it is desirable to first classify the kinds of products of N,
that may appear at each order of an expansion. In doing so, we
will restrict ourselves to the linear, quadratic and cubic order in
the Landau theory. This is sufficient for a wide variety of ob-
servables; the extension to higher order proceeds analogously,
if tediously.

As the N, are themselves time-reversal odd, observables
even (odd) under time-reversal must exclusively consist of even
(odd) powers of the N,: linear and cubic functions are time-
reversal odd, whereas quadratic functions are even under time-
reversal. The inequivalence of the time-reversal even and odd
co-representations of G is discussed in Appendix A 2.

The spin structure of the observable further restricts the form
of the products; all of the quantities we consider here are either
scalars or vectors in the spin space. Thus, an observable’s spin
space transformation as a scalar or vector, in combination with
parity under time-reversal (T'), leads to four types of products of
the N, up to cubic order, summarized in Table III. These can
be grouped into familiar scalar and pseudo-scalar quantities
like 1, N, - Np and N, - (N X N.) as well as vectors and



T odd T even
Product Rep Product  Rep
, Na-(NpxNo)  {I?%} 1 Ty

Spin scalar

No-Np [I]

N r
Spin vector “ , NaxNp {T?}
(No-Np)N, [T7]eT

TABLE III. Four classes of product terms that may appear in the
expansion of an observable up to cubic order, in terms of the order
parameters N, based on its parity under time-reversal, 7, and its
behavior in spin-space as a scalar or a vector.

pseudo-vectors N, N, X Np and (N, - Np)N,.

Having classified the spin transformations of each prod-
uct, we now specify the real space transformation law of the
identified product terms. Since the N, transform under the
irrep I' in real space, N, - Np and N, X Nj, transform as
the symmetric and antisymmetric square representations of I,
denoted by [I'?] and {I"?}, respectively. The third order prod-
uct Ny - (Np X N.) is antisymmetric under any permutation
of the constituent vectors, and thus it transforms as the fully
antisymmetric cube {I"*}. On the other hand, (N, - Nj)N.
transforms as [I'?] ® I'. These transformation laws are listed
in Table III.

We now consider observables of known time-reversal par-
ity and spin structure, whose real space transformation law is
described by a representation D (which may be irreducible or
reducible) of the crystal point group, G. We aim to construct
the lowest-order polynomial in the NV, that reproduces the ob-
servable’s time-reversal parity and spin structure, while also
transforming as (a component of) D. Practically, this means
we pick product terms from Table III to satisfy the spin struc-
ture and time-reversal parity, and we then verify whether the
representation of these products shares any irreps with D. We
carry out this program for the time-odd vectors in Sec. VI A, for
time-even vectors in Sec. VI B, and for time-even and time-odd
scalars in Sec. VIC and Sec. VID, respectively.

In real space, the observables we will consider transform
as tensors, constructed from polar and axial vectors, and their
symmetrized or antisymmetrized tensor powers. To simplify
our discussion, we utilize the Jahn notation to specify ten-
sor symmetriesthroughout [61-63]. In the Jahn notation, V
denotes a polar vector and e a pseudoscalar (odd under im-
proper operations), so eV is an axial vector, while [V"] and
{V"} denote rank-n tensors symmetric or antisymmetric un-
der index transpositions. We provide the decompositions of
some of these representations into irreps for all point groups
in Table XI.

For each observable property, we establish whether mutual
collinearity, coplanarity or non-coplanarity restricts the effect,
perhaps depending on the crystal system. Constraints from
spin group symmetry have been recently explored [63—-65]; we
provide a complementary perspective that immediately follows
from the order parameter. We then apply our analysis to the
kagomé, square plaquette, and pyrochlore examples developed
in Sec. V [66].
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A. Time-odd spin vectors

As we can see from Table III, time-reversal odd vectors
may appear at linear or at cubic order. We will explore many
observables appearing linearly in Sec. VI A 1, while for the
cubic expansion we restrict our focus to the net magnetization
in Sec. VI A 2. At the linear order, we will analyze the inverse
magnetoelectric effect, piezomagnetism, the symmetric and
antisymmetric time-odd spin conductivities, and multipolar
spin density distributions. Further, we will see that for any
non-trivial irrep I', a net magnetization cannot appear at the
linear order — the lowest order at which it may appear is cubic,
whereas the RMOs remain compensated at all orders.

1. Linear order time-odd spin vectors

Here we begin with the inverse magnetoelectric effect,
where the magnetoelectric tensor transforms as D = V, and
we work our way up in spatial complexity to the multipolar
spin density distributions where D = [V"]. From Table III, a
linear coupling will be allowed when I" is contained in D.

Inverse magnetoelectric effect. The inverse magnetoelectric
effect generates a magnetic moment M by the application of
an electric field E [62, 63], and at zero spin-orbit coupling
(80OQ), it is governed by

M = ZQ’[Ei.
i

Bold vector notation specifies spin space components while
lower indices denote real space components. Whether I" is
contained in V can be discerned by the decomposition of V
into point group irreps, provided in Table XI.

The cubic point groups forbid e; in their collinear orders,
because these groups do not have one-dimensional irreps in
the decomposition of V. It is also forbidden for coplanar cubic
orders as V is irreducible and three-dimensional. Likewise,
for the irreducible coplanar RMOs we see that systems with
triclinic, monoclinic, or orthorhombic point groups also for-
bid the inverse magnetoelectric effect, as these groups do not
possess two-dimensional irreps, and so none will appear in
the decomposition of V. For irreducible non-coplanar RMOs,
only the cubic point groups admit an inverse magnetoelectric
effect, as these are the only point groups for which V contains
a three-dimensional irrep.

We can illustrate this for the examples of Sec. V. On
the kagomé lattice, E, is not contained in V, and so the
corresponding coplanar RMO does not exhibit the inverse
magnetoelectric effect. For the square plaquette lattice E
does appear in V and gives non-zero @, and «, within
the spin plane. Indeed, this is expected for time-odd
vector observables in coplanar systems: spin components
perpendicular to the plane are forbidden, while components
in the plane are allowed. This is consistent with the find-
ings of Ref. [63]. On the pyrochlore lattice, V = Ty, does
not overlap with T»,, so the magnetoelectric effect is forbidden.



TABLE IV. Allowed A;; (or equivalently, 0'[‘ij]) for the irreducible
collinear (upper), coplanar (middle) and non-coplanar (lower) RMOs.
Kagomé and square plaquette cannot host non-coplanar RMOs as
their point groups have no three-dimensional irreps, while the py-
rochlore lattice does not host coplanar irreducible RMOs. We have
omitted the ferromagnetic phase on the square plaquette lattice.

Kagomé Square plaquette Pyrochlore
A B, Alg
A”A;AN”'NN N AL ~N  AwHAy+ AL~ N
E> E
Axx —Ayy ~ Ny Az ~ Ny
Ay ~ N> Ay, ~ N>
Tog
Ay; ~Ni, Az ~ N>
Axy ~ N3

Piezomagnetism & symmetric time-odd spin conductivity. The
piezomagnetic effect generates a magnetic moment M by the
application of strain €;;, governed by [62, 63]

M = ZA[jEij.
ij

The piezomagnetic tensor A;; is a symmetric rank-2 tensor in
real space, D = [V?].

The spin conductivity tensor o-;;, whose a'l.“j component
characterizes a-polarized spin currents in the 7/ direction gen-
erated by applied electric fields along j, is governed by

J[ ZZ(T[]EJ'.
J

From Eq. (D9) we see that the time-odd index-symmetric com-
ponent of the spin conductivity, TE and the piezomagnetic

tensor A;; transform identically. The symmetry properties
of the spin conductivity in relativistic systems have been ex-
plored previously [65, 67], and recently in the context of non-
relativistic spin group symmetries [63, 64].

In every point group, [V?] contains the trivial irrep. Non-
trivial one-dimensional irreps, corresponding to compensated
collinear phases, appear in [V?] only for the monoclinic, or-
thorhombic and tetragonal point groups. For irreducible copla-
nar RMOs, [V?] contains (real) two-dimensional irreps in all
tetragonal, trigonal, hexagonal and cubic point groups. Only

the cubic groups allow non-zero A;; or T in irreducible

non-coplanar RMOs, as these are the only point groups with
three-dimensional irreps; in all cases one is contained in [V?].

In Table IV, we express the components of A;; (or equiva-
lently 0'[_1'/]) transforming as the N, for the kagomé, square
plaquette and pyrochlore lattices of Sec. V. These components
of A;; thus have contributions linear in the N,. From the
expansions, it is clear that a time-odd spin vector in collinear
systems must be aligned with the collinear axis, whereas it
must lie in the plane for coplanar systems, consistent with
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Ref. [63].

Antisymmetric time-odd spin conductivity. From Eq. (D1), the
spin conductivity also has a time-odd component antisymmet-
ric in its indices, 0'{’1.]. } identified in Eq. (D11) transforming
as D = {V?}. Only the cubic point groups forbid Tl in
irreducible collinear RMOs, as their decompositions do not
contain any one-dimensional irreps. Simultaneously, only the
cubic point groups permit T in irreducible non-coplanar
RMOs, as only they contain three-dimensional irreps in {V?}.
The irreducible coplanar RMOs forbid 0'{‘”.} in the triclinic,
monoclinic, orthorhombic and cubic point groups.

In the kagomé and pyrochlore examples, the decomposi-
tions of Eqs. (16) and (30) do not share irreps with {V?}, so

RMOs on these lattices forbid linear Ty In the E phase of

the square plaquette lattice, o g~ N and a'{‘y ~ N,.

{x z}

Multipolar spin density distribution. Ferroically ordered mul-
tipoles within each unit cell can also be examined within this
framework. Multipoles of the form

/ &r [y et Jm(r),

where [...] indicates symmetrization and the r,, indicate the
Cartesian coordinates, have been discussed in the context of
altermagnetism and unconventional antiferromagnetism [23,
24, 68-76]. They transform as time-odd spin vectors, and as
D = [V"] in the real space. Decompositions for V, [V?], [V?]
and [V*#] are provided in Table XI.

Irreducible orders with I" one-dimensional, non-trivial and
inversion even correspond to altermagnets [23, 24], possessing
multipoles with n = 2, 4 or 6 (d-, g- or i-wave) reflecting non-
relativistic alternating spin (chirality) splitting of electronic
(magnonic) bands, in addition to odd order n multipoles in the
non-centrosymmetric altermagnets.

The triclinic, monoclinic and orthorhombic systems always
only contain one-dimensional irreps, corresponding to multi-
poles in irreducibly collinear orders. For even n, all remaining
point groups allow multipole components in irreducible copla-
nar RMOs, while for n = 1 and n = 3 the coplanar RMOs have
no multipoles in the cubic point groups. The irreducible non-
coplanar RMOs couple to multipoles only in the cubic groups.

In the kagomé example, the E, coplanar RMO will produce
n > 2 multipoles, i.e., octupoles or higher, while the ferromag-
netically ordered trivial A; irrep will produce multipoles at all
orders. In the pyrochlore example, the 7>, non-coplanar RMO
produces only even multipoles (here n = 2,4). Ferromagnetic
ordering corresponding to the trivial irrep will also produce
non-trivial multipoles for n = 2,4. The square-plaquette E
order instead permits n = 1 magnetic quadrupoles, while a
ferromagnetic order has an n = 0 magnetic dipole.

2. The cubic contribution to the net magnetization

At zero spin-orbit coupling the net magnetization, M, trans-
forms as a vector in spin space, and is odd under time-reversal.



In real space, it is uniform and transforms trivially. Thus, D
is the trivial irreducible representation. From Table III, then,
we see M can only appear at the linear order if our N, have
I" equal to the trivial irrep. Whenever I is non-trivial, the
magnetization is at least cubic in the N,. We may generically
express the magnetization as

M=3" fu(@N., (38)

where a runs from 1 to the dimension of I, |I'|, and Q is the
Gram matrix of Eq. (10). For the cubic order expansion of
M, the coefficients f,(Q) are linear functions of @, and the
scalar products comprising Q make Eq. (38) contain the terms
identified in Table III. Higher order contributions to M are
obtained by more general coefficient functions. We first show
that the orthogonal phase for non-trivial I" is compensated at
all orders.

For M to transform trivially under G, from Egs. (8) and
(10), it follows that for every g

7 (r@er@T) =re @), (39)

where f = (fl,...,f|r‘)T is the vector of coefficients in
Eq. (38). This means that f transforms as I'. In the or-
thogonal phase, we have seen in Sec. IV that Q = N?1, in
which case

F(N?*1) =T'(g) f(N*1), (40)

and for non-trivial I" the only fixed vector is f = 0. Thus, for
the orthogonal phase of I', M is zero at all orders.

Lower-symmetry phases descending from non-trivial irreps,
however, need not be compensated. A moment cubic in the
N, will be allowed by symmetry whenever the trivial irrep is
contained in [I"?] ® I, following Table III. Because our I are
real, another way to phrase this criterion is that cubic M is
allowed whenever [I"?] contains I".

When T is one-dimensional and non-trivial, [I'?] is trivial
while I" is not. This eliminates the triclinic, monoclinic and
orthorhombic groups, as they only contain one-dimensional
irreps. For the two- and three-dimensional irreps, as a general
rule: whenever I'(g) = —1 for some element g, I' cannot be
contained in [Fz] or in any even power of I', for that matter,
and hence will be compensated at all orders. This eliminates
the tetragonal groups. In the remaining trigonal, hexagonal
and cubic groups, this eliminates the E,, E1, E”, E1g, E14
and E,,, as well as T, Ty, and T5,,. Additionally, the T} irrep
of 432 (0) and 43m (T,;) and the T irrep of m3m (Oy,) fail to
contain themselves in the symmetric square (see Table XI).

To make this analysis concrete, consider the cubic contri-
bution to the net magnetization on the kagomé, the square
plaquette, and the pyrochlore lattices at zero SOC, for phases
with non-trivial T".

In the E, phase of the kagomé lattice, [E%] contains E and
yields a unique third-order coupling

M~ Ny (INIP = IN>P2) =2N2 (N1 - No) . (41)
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In the degenerate collinear phase of Eq. (19), this gives M o
N3cos3a N. The moment vanishes for @ = (2n + 1)7/6,
where the mirrors are paired with time reversal (see Fig. 4),
but is otherwise finite. When M is finite, a ferrimagnet forms.
In the orthogonal phase Eq. (41) vanishes, as required.

On the square plaquette lattice, [ E?] never contains E, and
more generally no even power of E contains itself, which is
easily seen from the fact that E(C,;) = —1. Thus, every
resulting phase is compensated to all orders.

In the 7>, phase of the pyrochlore lattice, [T22g] contains Trg
once, leading to

M ~ N{(Ny-N3)+N2(N3-Ni)+N3(Ni-N2), (42)

which vanishes in the single-N and orthogonal phases but is
finite in the parallel phase, M o N3N. Here, the unequal
sublattice moments depicted in Fig. 6(b) are not forbidden
from developing a net moment.

B. Time-even spin vectors

From Table III, time-even spin vectors of the form N, X N,
are only non-zero for non-collinear order. Here, we will use the
time-even channel of the spin conductivity (see Appendix D)
as our example observable.

For our three examples, none of the higher-dimensional I

have {I"?} sharing an irrep with [V?]. Thus, O'Erij] is forbidden

at second order. By contrast, {T"?} is contained in {V?} for all
three. In the E; phase of the kagomé lattice and the E phase of
the square plaquette lattice, {I">} = A,, giving a'?xy} ~ N X

N>, while in T>4 of the pyrochlore lattice {Tzzg} = T4, resulting

in(r? ~N2XN3,0'+ ~N3><N1,anda'+ ~ N XN».
yz} {zx} {xy}

In fact, we can make some general statements. Collinear
RMOs always forbid O'J{rl.j}, because {I'?} for a one-
dimensional irrep is null. For the irreducible coplanar RMOs
in non-cubic point groups, {I'?} = det T is a one-dimensional
irrep, transforming as the axial vector component aligned with
the principal rotation axis; as such, it is always contained in
{V?} = eV, and in these cases O"E'l.j} will be allowed. In
the cubic groups, there is no invariant axis and eV is three-
dimensional, so O'L.j} is forbidden for coplanar orders in the
cubic groups. Finally, for the non-coplanar irreducible RMOs,
{I'?} = {v?} identically, and so 0'?[.].} is allowed. By contrast,

o7, requires {T"?} to be contained in [V?], which occurs only

for coplanar orders in 3, 3, 4, 4, 4/m, 6, 6 and 6/m, and for
irreducible non-coplanar orders in 23 and m3.

C. Time-even spin scalars

As an example observable for the time-even spin scalars,
we choose the symmetric conductivity tensor, o7[;;j. It is
a rank-two tensor in real space, symmetrized in both of its
indices, so that D = [V?]. A contribution is generally present
already in the paramagnetic phase. From Table III, the leading



TABLE V. In each example lattice of Sec. V with higher-dimensional
I, listed in the first column, the second column lists the overlap of
[[2] with [V?]. The third column lists second-order contributions to
the symmetric conductivity o; ;.

Phase Irrep o))
2 2
Kagomé Al Olax] + Oyy)s Ozz) N IV ; |N>|
Olxx] = Olyy] ~ IN1|7 = N2
E, E>
Tlxy] ~ =Ni - N
2 2
Square AL Tl o O-I[jz\j]|2~ lZTI;' |; IN2|
Oxx] = Oyy] ~ _
plaquette E ! [xx] [yy] 1 2
By  oxy) ~Ni-No
Alg  Olax] + Oyy] + 0(zz] ~ IN1 > + N2> + N3
g, lxx] =0yl ~ IN1[? = INof?
Pyrochlore 8 Tlyy] = Ozz] ~ IN>J2 = |N3J?
T Oxy] ~ N1 - N>
TZS’ Oxz] "Nl 'N3
Olyz] ~ N2 - N3

magnetic correction must be constructed from scalar products
N, -Np. Indeed, it appears at second order in all three example
lattices. Focusing on the higher-dimensional I", we decompose
the symmetric squares of E; on kagomé, E on the square
plaquette lattice, and 7>, in pyrochlore. Their overlap with
[V?] (found in Table XI) is given in Table V, with the resulting
quadratic dependence of the o7;;; on the N,.

From Table V we see that the off-diagonal components of the
symmetric conductivity are proportional to the scalar products
between different N,. In the orthogonal phases, these terms
vanish and the purely longitudinal conductivities may survive.

D. Time-odd spin scalars

The time-odd scalar terms in Table III vanish whenever the
N, lie in the same plane. Thus, only non-coplanar orders may
host time-odd scalars at the third order. For the irreducible
orders, then, I' must be three-dimensional, and in this case
{3} = detT is a one-dimensional irrep. The orbital magne-
tization and geometric Hall effect serve as practical examples,
both transforming as an axial vector eV in real space, for which
it is known that non-coplanar order is required [63, 64]. The
orbital part of the pyrotoroidic effect, a polar vector V in real
space, and the spontaneous Faraday effect, transforming as
{V?} under the point group, also fall within this class.

Irreducible, three-dimensional I" exist only in the cubic point
groups. There, V, eV and {V2} are all irreducible and three-
dimensional, so none of them can contain the one-dimensional
detT". Non-coplanarity is thus necessary but not sufficient: for
any order parameter arising from three-dimensional I', the
orbital magnetization, geometric Hall, pyrotoroidic and spon-
taneous Faraday effects are forbidden at third order.
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VII. DISCUSSION

The non-relativistic theories explored in the previous sec-
tions have been motivated by dipolar orders with zero prop-
agation vector. However, related symmetry analyses may ap-
ply beyond this scenario. Examples include recently intro-
duced atomic altermagnets [75] discussed in Sec. VII B, su-
perfluid *He, and nematic and spin-nematic phases, discussed
in Sec. VIIC.

A. Descendants of higher-dimensional irreps

The dimensionality of the order parameter’s irrep deter-
mines whether the magnetic order can be collinear, coplanar,
or non-coplanar. In the case of one-dimensional irreps, the
order parameter corresponds to a single N vector, whose di-
rection fixes the magnetic dipole moments to be either parallel
or antiparallel to it. Therefore, one-dimensional irreps can only
produce collinear phases. Two-dimensional irreps contain two
N vectors, N| and N, that can span a plane, resulting in a
coplanar phase, or if they are parallel or antiparallel, define a
collinear phase. Similarly, the three components, N, N», and
N3 of a three-dimensional irrep can realize collinear, coplanar,
and non-coplanar orders, too, depending on the dimension of
the span of the three N, vectors.

As shown in Sec. [V, among the higher-dimensional order
parameters, only those whose components are mutually or-
thogonal and of equal length preserve the full symmetry of the
parent point group (modulo spin rotations), corresponding to
a regular magnetic order. Any other solution, such as orthog-
onal components of unequal length, collinear N, or a generic
solution, necessarily lowers the point group symmetry.

This property can help in interpreting the appearance of
some of the collinear phases in the worked examples. As an il-
lustration, in the square plaquette case, we obtain two collinear
phases, the single-N and parallel phases, that are not realiz-
able while maintaining the full point group 4mm of the crys-
tal. These two phases instead lower the real space symmetry
to mm?2. For example, the single-N phase can be understood
as a one-dimensional irrep of that point group. In this case
it is either altermagnetic B or B;, depending on the choice
of axis. Collinear phases of this type can then be understood
using the framework of Ref. [24] once the parent group and
the relevant Wyckoff positions in the lower-symmetry setting
are identified.

This does not always have to correspond to an irrep of the
lower-symmetry group. In the kagomé o = 0 phase, the
reduced mm?2 symmetry allows two independent collinear am-
plitudes, both transforming as A;. Symmetry in this subgroup
therefore does not fix their relative magnitude. There are thus
two inequivalent Wyckoft positions, each with an independent
collinear ferromagnetic A order parameter described by a re-
ducible representation A; @ A1, rather than the irrep found in
the square plaquette case. The primary combination (a linear
combination of the two A irreps) inherited from the parent E;
order and the secondary uniform magnetization both transform
as A in this lower-symmetry description.



The dimensional reduction described above, going from a
two- or three-dimensional irrep to a lower-dimensional one,
is not limited to collinear order. Indeed, a three-dimensional
irrep can reduce to a two-dimensional one describing a copla-
nar order. These kinds of order are not natural at the level
of the quartic free energies discussed in Sec. III. Stabilization
of these phases requires additional terms at higher order in
the N,. However, we can still explore this systematically, by
considering the solutions for the epikernels [Eq. (2)] beyond
these minima. We list a subset of such epikernels, those with
mutually orthogonal N, in Table X of Appendix E. For ex-
ample, for the T, irrep on the pyrochlore lattice the choice
N; L N, with [Ny| = |[Nz| and N3 = O represents a copla-
nar order with epikernel b%z X 424 /%= m?*m™vm which is a
coplanar spin group associated with the 4/mmm subgroup of
m3m. In addition, there are a variety of collinear phases be-
yond the single-N and parallel phases discussed in Sec. V C;
we list all such collinear epikernels for the 7>, pyrochlore irrep
in Table IX of Appendix E.

B. Atomic altermagnetism

The examples considered thus far are microscopically real-
ized through magnetic dipoles located on multiple sublattices
within the crystallographic unit cell. However, the same Lan-
dau theories can arise even when there is only a single magnetic
site per unit cell, provided the magnetization density on this
site has a non-trivial spatial structure. This naturally describes
the recently introduced atomic altermagnets [75, 77], which
can be seen as continuous, intra-atomic analogues of the multi-
sublattice dipolar structures.

As a simple example, consider a square lattice with space
group P4mm (No. 99). Its point group is the same 4mm sym-
metry used in the square-plaquette example of Sec. V B, with
the relevant order parameter in both cases transforming as the
two-dimensional E irrep. The magnetic structures that can
be realized depend on the degrees of freedom at the occupied
Wyckoff positions. At the la position, a conventional dipole
can furnish only the trivial representation at zero wave vector,
which must be a ferromagnet. To realize non-ferromagnetic
spin point groups at the la position, we allow the local mag-
netization density to carry non-trivial spatial multipoles. Con-
sider a pair of p-orbital-like form factors furnishing a basis of
the E irrep of 4mm,

fi(r) = f(r)ry, fH(r) = f(r)ry,

where f(r) is a radial form factor. We write the magnetization
density m(r) in terms of these states as

m(r)= ), ) Nafa(r =r7),

where N and N, are the two components of the £ order
parameter and r; is the position of lattice site i. Since (N, N3)
transforms as an E doublet, the resulting Landau theory is
precisely the two-dimensional tetragonal theory of Sec. III C.
It admits the same three phases as the E-irrep order on the
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square plaquette lattice: a single-N phase, a parallel phase,
and an orthogonal phase. Thus the distinction between the two
realizations is microscopic rather than symmetry-theoretic.
The orthogonal phase depicted in Fig. 7(a) can be repre-
sented by the choice N = NX and N, = Ny, which gives

m(r) = NZ (Ai(r=r)® + fa(r —r)f).

This is a coplanar ferroic magnetic quadrupolar texture. Like
the orthogonal phase in Sec. V B, the equal-length and or-
thogonal order parameters preserve the full 4mm point group
modulo spin rotations. This state is the smooth analogue of the
radial configuration (Fig. 5(a)) on the square plaquette: instead
of four discrete moments pointing along different directions,
the magnetization direction points radially outward and varies
continuously in the region around a single magnetic site.

The two collinear phases also have direct analogues. For
the single-N phase (Fig. 7(c)), Ny = Ny and N, = 0 yields

m(r) :NﬁZf1<r—ri),

so that the magnetization is everywhere collinear while its
amplitude changes sign across each site. Likewise, the parallel
phase defined by N; = N, = Ny (Fig. 7(b)) gives

m(r) = Ny Z (filr=r) + f(r=r)),

corresponding to a collinear texture with lobes oriented along
X + y. The fourfold spatial symmetry is reduced to an mm?2
subgroup, as in Sec. V B. Thus the same single-N, parallel,
and orthogonal phases need not be realized through discrete
sublattice moments: they can equally well occur as smooth
magnetization textures within a single crystallographic site.

Conversely, the same E-irrep structures can be realized us-
ing ordinary magnetic dipoles once a Wyckoff position with
sufficiently large multiplicity is available. For example, on the
4d Wyckoff site [(xxz) and equivalents] of P4mm, the four
magnetic sites furnish the same type of multi-sublattice real-
ization considered in the square-plaquette example of Sec. V B.
Suitable collinear arrangements [24] realize conventional alter-
magnetic structures, while a pattern of four moments pointing
radially outward, as in Fig. 5(a), can realize the analogue of
the orthogonal E phase. Thus, the atomic and multi-sublattice
constructions are distinct microscopic realizations of the same
E order parameter, with the same Landau theory and spin
space group structure.

C. Connection to other weakly spin-orbit coupled phases

Our discussion of zero spin-orbit coupled magnetic phases
has certain parallels with the physics of >He and nematic-spin-
nematics. In this section we draw out some of the connections
between the Landau theories for these systems.
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FIG. 7. Magnetization density m(r) for multipolar order on the square lattice transforming spatially as E of the point group 4mm. The

direction of m(r) is indicated by the color wheel, and lattice sites are marked by open circles. The three panels are the intra-atomic analogues
of the three phases of Fig. 1, with the order parameters N and N, describing components of the local (multipolar) magnetization density rather
than distinct sublattice moments. (a) Orthogonal phase, N; = NX and N, = Ny: a coplanar magnetic quadrupolar order. (b) Parallel phase,
N = N, = N§j: acollinear state with lobes along £ + §. (c) Single-N phase, N; = Ny and N, = 0: a collinear state with lobes along X.

1. Superfluid >He

3He is endowed with a nuclear spin one-half and, though
the electronic configuration has zero orbital (and spin) angular
momentum, Cooper pairing through a spin-fluctuation medi-
ated interaction leads to a net internal angular momentum too.
Relativistic effects coming from the nuclear dipolar interac-
tion are weak so the *He superfluid enjoys an order parameter
space composed of approximately independent spin and spa-
tial rotational symmetries SO(3), x SO(3)s in addition to an
overall phase U(1)y due to number conservation.

At millikelvin temperatures *He condenses into a spin-
triplet p-wave superfluid phase. The pairing order parameter
of a triplet superfluid can be written in terms of a two-by-two
matrix in spin space

Agp(k) = [(d(k) -O')iO'y]aB

where d (k) is a complex vector encoding the orbital compo-
nent and o are the Pauli matrices. For a p-wave orbital state

J

F(da) = va(ldi|* + |dof + d3 %) +vay | d2

a

+vag Y (- d) (d - dp) +vas Y (dy - dy) (dg - d})

a,b a,b

with one quadratic and five quartic invariant polynomials. The
larger number of quartic terms reflects the complex nature
of the *He order parameter. Restricting it to be real leaves

2

the wave-vector dependence is linear with

3
d(k) = Z dak,
a=1

where a = 1,2, 3 are three orthogonal spatial directions. This
set of three vectors d, can be interpreted as a three-by-three
complex matrix d with [d],, , = d!; where the d, are the rows
of d. This complex order parameter has 18 real parameters.
Under a spin space rotation [U||R] this matrix transforms as

d - RdUT

and rotational invariance in spin and orbital space can reduce
the number of free parameters.

The connection to our magnetic problem is immediate. The
vectors d,, play essentially the same role as the Néel vectors
N,, with the important distinction that the orbital index a
transforms under the continuous rotation group SO(3);, rather
than a discrete three-dimensional crystallographic representa-
tion. In addition, the superfluid order parameter is complex,
allowing a richer set of phases than the real magnetic order
parameters considered here.

Preserving all the rotational symmetries restricts the
Ginzburg-Landau theory for the superfluid to have the form

2
+vap Y (dy-dy)(dg-dp)+vas |da|?
Z
a,b a

(43)

(

only two independent quartic invariants, corresponding to the
SO(3)-symmetric limit ¢4 = —by4 of our three-dimensional
Landau theory [Eq. (5)]. The observed superfluid phases of



3He can be found among the solutions obeying the so-called
unitary condition d(k) x d*(k) = 0 on the order parameter.
This implies either (i) that d (k) is real (up to an overall phase)
or, if complex, that (ii) d(k) = c(k)# for real unit vector 7t
and complex c (k).

Some of the phases of *He have direct analogues to our
non-relativistic Landau theories. However, since the magnetic
phases are constrained both to have real order parameters and
only crystalline spatial symmetries, they only form a subclass
of those phases realizable in He.

The closest analogue is the Balian—Werthamer (BW)
state [78]. The order parameter is

dBW =dl

where 1 is the identity matrix and d is a real amplitude. This
preserves an SO(3) subgroup, [R||R], of the original symme-
try group, where spin and space transform identically. The
BW phase is realized in *He at low pressures. Bearing in mind
the freedom to choose spin and orbital components and the
invariance of the energy under multiplication by a complex
phase, the order parameter may be written

d(k)sw = dOk

where O is an orthogonal matrix and d is complex. This state
is isotropic in spin and orbital space, having therefore zero
total angular momentum.

In terms of the three vectors d,, the BW state therefore
consists of three mutually orthogonal vectors of equal mag-
nitude, directly analogous to the orthogonal magnetic phases
discussed above. The residual diagonal SO(3) symmetry is the
continuous analogue of preserving the full spatial symmetry
modulo a compensating spin rotation. In this sense, the BW
phase is the closest analogue in *He to the regular magnetic
orders arising naturally in our Landau theories.

The A phase, realized in *He at elevated pressure and tem-
perature, has features in common with our collinear orders,
but differs in important aspects. It carries a complex order
parameter

da=d(@ +ib)d"

where #, ¥ are real and orthogonal, d is a real unit vector, and
d can be chosen to be real, since its phase can be absorbed
into the complex vector part. In terms of the vectors d, we are
saying

dy=d(lig +iv,)d = |d,|e%d.

Thus the d, are collinear vectors with (potentially different)
complex amplitudes. This has a remnant SO(2) symmetry
about the fixed spin axis, like our collinear phases, but also
a U(1) symmetry combining a gauge transformation with a
spatial rotation about & X V.

Other superfluid phases of *He realize structures that do not
have such a direct correspondence with the magnetic phases
considered here. The planar and polar phases provide exam-
ples in which only two or one independent orbital components
participate, respectively, and are therefore loosely analogous to
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coplanar and collinear magnetic orders. The A phase instead
has an intrinsically complex order parameter with collinear
spin vectors carrying different complex orbital amplitudes,
illustrating possibilities absent for the real magnetic order
parameters studied here. Still more general phases, includ-
ing other inert states and pairing in higher orbital angular-
momentum channels, are possible in principle, but we will not
consider them further.

2. Nematic-spin-nematic phases

Spin-triplet Pomeranchuk instabilities provide another close
analogue of the non-relativistic Landau theories considered in
this work [31-34]. In anisotropic Fermi liquid, a Pomeranchuk
instability in an orbital angular momentum channel £ > 0 can
develop in the spin-triplet particle-hole channel. An order
parameter 7,,, can be defined where u is a spin index and a
labels the orbital harmonics in the £ channel. Unlike the triplet
pairing order parameter of superfluid *He, this particle-hole
order parameter is real. [79] In three dimensions, the spin
and orbital indices transform independently under SO(3)s and
SO(3)L, respectively. Thus, writing the columns of n,, as
spin vectors n,, these vectors play essentially the same role as
our N, vectors. The microscopic origin, however, is different:
the index a here labels angular harmonics of the Fermi surface
rather than components of a real crystallographic point-group
representation.

This correspondence is particularly transparent in two di-
mensions. For a circular Fermi surface, every £ > 0 channel
has two real orbital components cos(£6) and sin(£6). The
order parameter therefore consists of two spin vectors n| and
ny. Up to quartic order, the uniform Landau free energy takes
the form

2
F=a (|'11|2 + |n2|2) +ay (|'11|2 + |n2|2) + bylny x ny|%.

This has precisely the same form as the Landau theory of
Eq. (4). For by > 0, the two vectors are collinear, with their
relative amplitudes undetermined at quartic order. This is the
a phase of Refs. [31, 32]. For by < 0, they are orthogonal
and of equal magnitude, giving the 8 phase. These are the
direct counterparts of the degenerate collinear and orthogonal
phases of Eq. (4), respectively.

The a phase with £ = 2 is the state commonly referred to as a
nematic-spin-nematic. Each spin sector acquires quadrupolar
Fermi-surface distortions whose principal axes are perpen-
dicular to one another, while the total magnetization remains
zero. The corresponding S phase with £ = 2 instead re-
tains circular Fermi surfaces while developing a non-trivial
momentum-dependent spin texture. Thus the @ and 8 phases
realize, respectively, the collinear and orthogonal alternatives
that recur throughout our Landau theories.

There is an analogous correspondence in three dimensions.
For an £ = 1 instability, the orbital sector has three components
and the order parameter may be written as three spin vectors
ny, ny, and n3. In the centrosymmetric case the uniform



Landau free energy is

3 3 2
_ 2 2 2
F—a2§ A +a4(§ |na|) +b4§ |ng X npl~.
a=1 a

=1 a<b

This is the SO(3),-symmetric limit ¢4 = —b4 of our non-
coplanar Landau theory in Eq. (5). For b4 > 0 the vectors are
mutually collinear, giving the @ phase with £ = 1, whereas for
b4 < 0 they are equal-length and mutually orthogonal, giving
the 5 phase with £ = 1. The latter has the same equal-length
orthogonal structure as our orthogonal phase and the BW state
of 3He. This correspondence concerns the uniform Landau
free energy; in the itinerant £ = 1 problem additional gradient
invariants are allowed and can drive a Lifshitz instability [32].

In a crystalline metal, the continuous orbital rotation sym-
metry is reduced to the point group of the lattice, and
an angular-momentum multiplet decomposes into crystallo-
graphic irreducible representations. The resulting order pa-
rameters are then of the same representation-theoretic form
as those considered throughout this work. When this crystal
symmetry yields a multi-dimensional point-group irrep, these
rotationally invariant theories reduce to the tetragonal, trigo-
nal/hexagonal, or cubic Landau theories discussed in Sec. II1.
From this perspective, the magnetic phases studied here can be
regarded as crystalline counterparts of the @ and 8 phases of
spin-triplet Pomeranchuk order, with real-space magnetic con-
figurations replacing spin-dependent deformations or textures
of the Fermi surface.

VIII. SUMMARY AND CONCLUSIONS

We have surveyed the landscape of magnetism in the non-
relativistic limit using the language of Landau theory, focusing
primarily on phases arising from a single irreducible represen-
tation I' of the parent point group. We have seen that this
approach cleanly unifies the very rich physics expected in this
limit. Within this setting, I" determines the allowed Landau
invariants and provides the organizing principle for the mag-
netic phases and their responses. Remarkably, the large variety
of spin-space-group symmetries is organized by only a small
number of quartic Landau theories.

Collinear phases arising from 2D or 3D irreps are often asso-
ciated with detailed magnetic structures with unequal moments
and even with sites that have vanishing moments. However,
from the point of view of spin space groups these are collinear
spin groups of a lower-symmetry parent group, described by
one-dimensional order parameters (or direct sums of them) of
that subgroup [24].

We have seen that the orthogonal phases with Néel vec-
tors of equal length have a special status since the spin space
groups associated with these phases are those that preserve
all the lattice symmetries up to spin rotations. This puts into
a different context earlier work noting that these phases are
useful variational states for classical frustrated systems. Lan-
dau theory has confirmed that these are very common phases
across all crystal systems that admit multi-dimensional irreps.
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Our work also directly ties these explicitly to spin space groups
and points out similarities to superfluid *He.

We have shown that the representation I', together with the
direction of the order parameter within its representation space,
strongly constrains the experimentally accessible responses of
non-relativistic magnetic phases.

We have focused on uniform phases but the tools we have
discussed can be applied also to phases at finite wave vector
(see, for example, Refs. [28, 80]). A larger task is to address,
for non-collinear systems, the problem we solved for collinear
systems in previous work: are there matching conditions that
inform us of the nature of the relativistic response solely given
information about the non-relativistic limit [23, 24]? This
question is of great interest when we consider real materials.
While the results of this paper provide crucial insight into the
dominant physics in many magnetic systems, it is desirable
to bridge the divide between such materials and those, for
example, in which spin-orbit effects are strong.
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Appendix A: (Co)irreps of G

Here, we provide clarification on the irreducible co-
representations of the high-symmetry paramagnetic groups

G =0(3)xG =S0(3) x G UT(SO(3) x G),

and the irreps of the point groups G.

1. Equivalence of decomplexification

Let G = SO(3) x G, let I" be an irrep of G, and let Fég)
denote an irrep of SO(3). Then, the irreps of G are given by
¥y = Féf) ®T. Since G is the unitary halving subgroup of G, its
irreps determine the co-irreps y of G. Throughout this paper
we have worked directly with ¥ and not with the co-irreps.
In this appendix, we explain why this makes sense provided
we work with the decomplexified analog of y: the co-irreps
induced from decomplexified ¥ are equivalent to y.



There are three cases for the induction of y from ¥, based on
the Dimmock indicator of ¥ [2]. Because the antiunitary coset
representative is pure time-reversal 7', the Dimmock indicator
reduces to the Frobenius-Schur indicator for the reality of
the irrep ¥. This is because the Dimmock indicator asks
whether the *T-conjugated irrep 77 = {#*(TgT~!) | g € G}
is equivalent to ¥, while the Frobenius-Schur indicator asks
whether 7* = {7"(g) |g € G} is equivalent to 7. Since T
commutes with all g € G, 7*(TgT~") = 7*(g). Because the
F;[) are all real, then, the reality of I" determines the reality
of ¥. The only point group irreps that are complex are one-
dimensional, and belong to the groups C,,, Sy, Cyp (n > 3),23
and m3.

Using the previous conclusion, in the induction algorithm
for y from ¥, y will always be real. If ¥ is real, this feature is
retained during induction, because the co-irrep y will have the
form

y(g) =7(g), v(Tg) =7(g)

for g € G (assuming 7 is expressed in a real basis, so that 7* is
not just equivalent to 7, but equal to it). If ¥ is complex, it is
paired with its complex conjugate ¥* in y, and so y takes the
form

_|7( 0
v(8) —[ 0

?*(g)]’ V(Tg)=[ 0 7*(()g)]’

¥(8)

since the matrix [I[I(;I H'g'] will represent T in conjunction
with complex conjugation, where I, is a || x |¥| identity.

We will now show that the co-irreps ¥’ induced from
YR = Féf) ® I'r are equivalent to vy, given I'r are the de-
complexified irreps of G. When I is real it is equivalent to its
decomplexification. Thus, we need only consider complex I'.
The decomplexified irrep I'r may be expressed as

r 0] (AD)

FRE[O |-

Then, the irrep g of G is real. According to the induction
algorithm, then, y” will take the form

Y(@) =Ty ® [Fgg) F*?g)] :

oo ool 5o )

_ (0 0 TI'(9)
=1 ®[F(g) 0 ]

for g € G of the form g = [R || g] with R € SO(3) andg € G.
This is because the matrix

0 Iy
7 =
[ﬂn 0]

imposes equivalence between I'r and its complex conjugate
I, thatis, g = Z7'THZ.
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Two co-representations are equivalent if their characters
agree on the unitary coset, and if the antiunitary characters
differ by a phase [81]. Let us compare y(y) and x(y’):

x(¥(8)) = Te() + Te(7%) = Te(Ty) (Tr(D) + Tr(I™),
x(y(Tg)) =0,

x(¥'(8) = Tr(Cy)) (Te(T) + Te(I™)),
x(y'(Tg)) = 0.

We can see that the characters coincide on G and on TG, and
so these co-irreps are equivalent, and y ~ y’.

(A2)

2. Inequivalence of time-even & time-odd co-irreps over R

The two co-irreps F;H) ® I' and Fél_) ® I', characterized
by equal representations on the unitary coset of G and dif-
fering only by a sign on the antiunitary coset, are equiva-
lent as complex co-irreps. Under a change of basis B, a
co-representation transforms as D(g) — BD(g)B~! on the
unitary coset but as D(Tg) — BD(Tg)(B*)~! on the antiu-
nitary coset, so the choice B = il leaves D(g) unchanged
while sending D(Tg) — —D(Tg). More generally, two co-
representations whose antiunitary cosets differ by a phase are
always equivalent over C [2, 81].

In a theory over R, however, B must be real, and the sign can
no longer be removed. Since T commutes with every element
of G and T? = 1, in the real basis of Appendix A 1 the time-
reversal element is represented by y(7T) = +I},|, and no real
similarity transformation can change the sign of a multiple of
the identity. This holds equally for real and for decomplex-
ified I'. The character y(T) = +|y| is an invariant of any
real theory, and it distinguishes a magnetic order parameter
from a non-magnetic one with identical spatial symmetry. Be-
cause tabulated co-irreps are usually classified up to complex
equivalence, they do not fix this sign, and it must be specified
separately.

Thus, we must distinguish between the time-reversal even
and odd co-irreps F;li) ® I' defining our order parameter.
Because we wish for our order parameter to behave as a spin
dipole in spin space, which is time-reversal odd, it transforms
as Fgl - ® I of G, with I itself taken time-reversal even. It is
this parity that fixes the time-reversal character of the physical
responses in Sec. VI: terms of odd order in the N, are time-
reversal odd, and terms of even order are time-reversal even.

Appendix B: Relation between orthogonal phases, RMOs and
spin groups

In Sec. IV, we demonstrated that orthogonal phases with
equal-length N, correspond to phases that preserve the parent
point group up to spin rotations (defining regular magnetic
order). Here we provide another proof. In Sec. B 1, we use
a known correspondence [12] between I' and the spin point
groups to establish a one-to-one relation between an orthog-
onal phase and its low-symmetry spin point group. Together,



this means that every lattice possesses a unit-cell-preserving
RMO, whose spin point group is uniquely determined.

With the procedure for determining spin group epikernels
in Sec. IT A, along with the following correspondence between
an RMO and its spin point group, we establish a complete
framework for understanding the low-symmetry phases of all
k = 0 magnetic orders at zero SOC.

1. Orthogonal phase and spin groups

In general, there are many spin point groups with parent
point group G. A natural question is: which spin point groups
are realized by the orthogonal phase?

Here, we demonstrate that in the Landau theory arising from
an irrep I' of G, the spin point group of the orthogonal phase
is directly determined by I itself. This construction closely
follows that of Ref. [12], and may be classified according to
whether the order is collinear, coplanar, or non-coplanar. A
formally different approach based on projective symmetries
is utilized in Ref. [36], and its utility for spin-orbit-free sys-
tems becomes apparent when recast into the language of spin
groups. We first briefly summarize the salient features of spin
point groups that we will utilize in our analysis.

The spin point groups are discrete subgroups of O(3) x
0O(3), unique up to conjugacy, which amounts to an orthogonal
change of basis in spin and real space. The elements of the spin
point groups are denoted by [R]|g], where R € O(3) acts on
the spin degrees of freedom, while g € O(3) acts on the spatial
degrees of freedom. When R is an improper rotation, it is of
the form R = TR where R is a global, proper spin rotation and
T is the time-reversal element, acting as the inversion element
of O(3). These elements [R]||g] act on an arrangement of
magnetic moments m (r) as

[Rllglm'(r) = " Ryym’ (g7'r).

J

Every spin point group X is of the form X = b X S, where b
contains elements acting only on the spin degrees of freedom,
of the form [R||E]. Here, E is the trivial group element.
Accordingly, this subgroup b is called the spin-only group,
and it depends only on the mutual collinearity, coplanarity or
non-coplanarity of the spins. Respectively, in each of these
cases, it is given by b, = SO(2) + T2,SO(2) (where 2,
is perpendicular to the collinear spin axis), bz, = {E,T2,}
(where 2, is orthogonal to the plane of the spins), and by, =
{E} for non-coplanar arrangements.

The subgroup S is called the non-trivial spin point group,
and it contains both elements of the form [ E||g] and [R]|g], but
it contains no elements of the form [R||E] with R # E. There
are 598 such groups, from which all total spin point groups X
can be derived by pairing with compatible b [7, 8, 10-14].

For a parent point group G, the non-trivial spin point groups
are formed by identifying all homomorphisms ® : G — O(3).
Such homomorphisms ensure that the elements [®(g)||g] form
a group. These @ are three-dimensional, real representations
of G, and can be constructed from the decomplexified irre-
ducible representations I' of G [11-14, 82].
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In the following, we demonstrate that, uniquely up to equiv-
alence in O(3) xO(3), each one-dimensional irrep can be iden-
tified with a collinear spin point group; each two-dimensional
irrep can be identified with a coplanar spin point group; and
each three-dimensional irrep can be identified with a non-
coplanar spin point group [12].

To proceed, we first notice that an explicit choice of basis
for the matrices ®(g) establishes a basis in spin space, and
we require that this basis is chosen to be orthogonal; any
other basis obtained by an orthogonal transformation yields an
equivalent spin point group [10-12, 14].

The orthogonal phase is characterized by |I"| vectors in spin
space, N, all orthogonal to one another. We will use I to
define the homomorphism @ by aligning the N, along |T|
basis axes. Then, the |I'|-dimensional subspace spanned by
the N, is represented by I" and there is a choice we can make,
introduced in Ref. [12], for the remaining (3—|I'|)-dimensional
subspace such that a unique spin point group is obtained.

a. Spin groups for collinear RMOs

When the irrep I of G is one-dimensional, there is only one
order parameter vector N, and the resulting orthogonal phase
has a collinear magnetic order. Without loss of generality, let
us define the spin 2 axis as the one aligned with N. Then, the
matrices @(g) will be of the form

0
o =% o | (B1)
0 0[|I'(g)

where Oy is a two-dimensional orthogonal matrix. Following
Ref. [12], we can choose O, = I'(g) 1sx2. In this way, we
obtain a non-trivial spin point group S where ®(g) = -1
when I'(g) = —1 (corresponding to R = T) and ®(g) = 1
when I'(g) = 1 (corresponding to R = E).

There are 105 real, one-dimensional irreps I" of the crys-
tallographic point groups. When deriving a collinear spin
point group according to this procedure, fifteen of the irreps
lead to redundant groups that are conjugate to one another in
0(3) xO(3) (see Appendix C). Removing these redundancies
correctly reproduces the 90 non-trivial collinear spin point
groups (SPGs).

To obtain the total spin point group, we take the direct
product of the non-trivial spin point group and the collinear
spin-only group b.. The direct product is possible because
all elements of b, commute with the two possible choices of
@(g) in Eq. (B1), and the intersection b, N S is trivial.

b.  Spin groups for coplanar RMOs

For two-dimensional irreps I" of G, there are two spin vectors
N1 and N, constituting our order parameter, and the orthog-
onal phase gives rise to a coplanar magnetic order. Without
loss of generality, let N and N, lie in the xy plane. Then,
the non-trivial spin point group S is formed by selecting the



matrices @(g) that are of the form

0
o@=|"900 |, (B2)
0 00,

where O, may be chosen as O, = det(I'(g)) [12]. This choice
always leads to det(®(g)) = 1.

Notice that ®(g) in Eq. (B2) commutes with 72, € bgz,,
whose O(3) matrix is diag(1, 1,—1). Combined with the fact
that bz, N S is trivial, we are now able to take the direct
product of bz, and S to obtain the total coplanar spin point
groups describing orthogonal phases with |I'| = 2.

There are 41 two-dimensional irreps I" of the crystallo-
graphic point groups (including decomplexifications), and
none of them lead to redundancies in O(3) x O(3) (see Ap-
pendix C). Yet, there are 253 non-trivial SPGs correspond-
ing to coplanar moments; as we will see, the remaining 212
are described by reducible orthogonal orders, as described in
Sec. B 2.

c.  Spin groups for non-coplanar RMOs

When the irrep I" of G is three-dimensional, three vectors
Ni, Ny and N3 form our order parameter, and the orthogonal
phase gives rise to a non-coplanar magnetic order. Without
loss of generality, let Nj, N, and N3 be aligned along the ¥, J,
and £ axes, respectively. Then, the non-trivial spin point group
is formed by selecting ®(g) equal to I'(g), as this is already
a three-dimensional, real representation. Since the spin-only
group is trivial, we have found the entire spin point group.

There are 11 three-dimensional irreps of the crystallo-
graphic point groups, and none of them lead to redundant
spin point groups in O(3) x O(3) (see Appendix C). However,
there are 598 non-coplanar spin point groups. Similar to the
coplanar case, we will see that the remaining 587 are described
by reducible orthogonal orders, as described in Sec. B 2.

d. Generic appearance of orthogonality

The fact that every irrep can actualize an RMO hints that
the appearance of orthogonality is generic, and promotes the
spin groups from abstract constructions to the symmetries of
energy-minimizing magnetic orders. Here we prove that the
spin point groups constructed in Secs. B 1 a-B 1 ¢, with ele-
ments [®(g)||g] built from I'(g), force all N, to be orthogo-
nal. This proof is also equally applicable to the reducible order
parameters of the following section, Sec. B 2.

Here, we repackage the order parameter into a |I'| X 3 matrix
N where the matrix element N ,; is the ith component of N,.
Under the element [®(g)||g], then, invariance of 9t implies

N =T(g) NP (9). (B3)

Let ®(g) denote the matrices constructed above, namely
Eq. (B2) for [I'| = 2 and ®g(g) = I'(g) for |T'| = 3; the
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collinear case || = 1 is trivial, as there is a single vector N.
We will demonstrate that the choice

®(g) = R"®o(9) R (B4)

satisfies this condition while enforcing the N, are orthogonal.
The matrix R in Eq. (B4) is an orthogonal transformation in
spin space, encoding freedom in the choice of spin space co-
ordinates. With this choice, the invariance condition becomes

N =T(QYRR"PH(Q)R,
implying that
(MRT) Dy(g) = [(g)(NRT). (B5)

For |T'| = 3, ®g =T, so X = NRT commutes with I'(g) for all
g. For || = 2, we write RRT = [X | ¢ ], with X a 2 x 2 block
and ¢ a column; Eq. (B5) then splits into XT'(g) = I'(g)X
and detI'(g) ¢ = I'(g) c¢. The latter would make ¢ span a one-
dimensional invariant subspace of I', which is impossible for
irreducible I', so ¢ = 0. In both cases, X commutes with I"(g)
for all . If T is a real irrep, Schur’s lemma gives X = N1. If
I' = I'r is decomplexified, the real matrices commuting with
it are of the form al + bJ with J> = —1, whose rows (a, b)
and (—b, a) are orthogonal and of equal length N = Va? + b2,
In either case,

RN’ = xxT = N%1, (B6)

so the N, are orthogonal to one another and of equal length
N. Equation (B4) defines the elements corresponding to the
spin point group symmetry of the resulting RMO.

2. Reducible orthogonal order

Here, we consider the possibility that the order parameter
transforms under a reducible representation D = l“él_) ® d
with d = @rI’, which is increasingly relevant at low tem-
peratures. When d is two- or three-dimensional, real, and
reducible, additional RMOs arise.

Let us begin with the case of two-dimensional d = T'} @ I3,
formed from two one-dimensional irreps. There are 212 ways
to pair one-dimensional I', unique up to conjugacy in O(3) (see
Appendix C). In each case, d(g) replaces I'(g) in Eq. (B2),
giving a coplanar spin point group. Writing RRT = [X | ¢ ] as
in Sec. B 1d, Eq. (B5) becomes

Xd(g) =d(@X, Ti(@lgec=d(@ec. B
When I} # I, Schur’s lemma makes X diagonal. The second
condition sets ¢; = 0 unless I, is the trivial irrep, and ¢, = 0
unless I} is the trivial irrep, so at most one component of ¢ is
non-zero. Hence,

NNT = XXT + ccT = diag(NZ, N3). (B8)

Similar to Sec. B 1d, from Eq. (B8) it follows that N| and N>
are orthogonal, but now they may have different lengths. When



d =T & T contains the same irrep twice, d(g) = I'(g) 1, and
X is unconstrained. In this case, the orthogonal configuration
still realizes the coplanar spin point group constructed from d,
but orthogonality is permitted, rather than enforced.

For three-dimensional reducible and real d, up to conjugacy
in O(3), there are 451 unique ways to combine three one-
dimensional irreps and 136 unique ways to combine a one-
dimensional and a two-dimensional irrep (see Appendix C).
In total, this yields 587 non-coplanar spin point groups. In
each case, ®o(g) = d(g), so that X = NRT commutes with
d(g) for all g, as in Eq. (B7). For d arising from three distinct
one-dimensional irreps, Schur’s lemma makes X diagonal, and

NNT = diag(N?, N2, N3), (B9)

while for the 136 d arising from the combination of one- and
two-dimensional irreps, X is block diagonal, with the two-
dimensional block of the form found in Sec. B 1 d, so that

NNT = diag(N?, N3, N3). (B10)
In both Egs. (B9) and (B10) all N, are orthogonal. In the
former, the N, may all have different lengths, while in the
latter two of the three NV, are the same length. When a one-
dimensional irrep is repeated in d, the corresponding block of
X is unconstrained, and orthogonality between those compo-
nents is permitted but not enforced.

On the kagomé lattice, a reducible RMO can be formed by
allowing the ferromagnetic A; component to align along the Z
axis and the coplanar E; component to order in the plane. This
yields an umbrella state, with moments given in Eq. (B11),

N4 1 1
mp = —2—NE2(—f+—ﬁ) (B11)

V6 V2

]

Many non-coplanar RMOs can be formed from reducible rep-
resentations. When both reducible and irreducible RMOs are
considered, every spin point group is realized.

Appendix C: Redundant SPGs from point-group irreps

In the construction of the spin point groups outlined in
Sec. B 2, we want to count only groups unique up to conjugacy
in O(3)x0O(3). Because the point groups G are already unique
up to conjugacy in O(3), we need only ensure the spin parts
of each spin point group are unique in O(3). Recall that the
elements [®(g)||g] are formed by the choice ®(g) = d(g)R
where d is decomposable. Uniqueness of the spin point group
is then determined by the unique ways to join irreps of G.

The unique ways to join irreps of G are determined by the
orbits of the irreps of G, under conjugacy by elements of the
normalizer of G in O(3). The normalizer No(3)(G) is the
largest subgroup of O(3) such that G < Ng(3)(G) is normal.
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Then, conjugating G by elements n € No(3)(G) sends I'(g) to
I"(g) = I'(ngn~"). We say that I'” and I are within the same
orbit under conjugacy by No3)(G).

ForI" and I'” in the same orbit under conjugacy by No(3y(G),
the representations d = '@ I"and d’ = T @I yield spin point
groups that are equivalent under conjugacy by O(3) x O(3).
The unique RMOs will then be given by d that are unique
under conjugacy by No3)(G), and this is determined by the
orbits of the irreps of G under No(3)(G). The normalizers
in O(3) for each point group G are given in [83], and are
included in Table VI. We provide the orbit of each decom-
plexified irreducible representation I" for each point group G
under No(3)(G). In Table VII, we list the number of unique
reducible representations of each type for each normalizer.

Appendix D: Spin conductivity

An electric field E may generate spin-polarized currents J¢
at zero spin-orbit coupling according to
Ji(k) = o7 (k, S)E(k). (D1
Here, k is the electric field wave-vector, S denotes the config-
uration of time-reversal (TR) breaking spin moments, and the
static limit is k — 0. We use the Einstein summation con-
vention. We call this spin-charge conductivity simply the spin
conductivity. If an antiunitary operation [UT||R], with U a
spin rotation and R a proper or improper real-space operation,
is a symmetry, Onsager reciprocity relates the spin conductiv-
ity to the transpose of the inverse (charge-spin) conductivity

cs
0— 9

T U(S) = U RjmRincs” (S), (D2)
while a unitary symmetry [U||R] gives
o (S) = U RimRjnoyi” (S). (D3)
Quantities with definite TR parity thus combine o*¢ and o,
i (S) = % (e F o), ©4
which indeed have definite parity
alf,.c’“i(—S) = io-l.sjc’“i(S). (D5)

We may further symmetrize [ij] or antisymmetrize {ij} the
spatial indices, as each 0~ is a rank-2 tensor. We introduce

o51(8) = 5 (o) +a3=() 06

{”}(S) ( sc, ai(S) 56 ai(S)) (D7)

This decomposition into parity under TR and spatial index
permutation gives rise to four spin-conductivity components,



each transforming under the following representations:

ot (8): T{ e [V, (D8)
oy (8 T e V2, (D9)
SH®: e o0
ai(8): T e (v} (D11)

In the terminology of Ref. [67], the TR-even components
constitute the spin Hall effect, traditionally referring only to
0'{“1.}'.}, but now extended to the symmetric 0'[“[.;“.] in lower-
symmetry crystals. The TR-odd components constitute the
magnetic spin Hall effect [8§4-86].
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The antisymmetric components are equivalent to axial vec-
tors, 0'{“5} = €;jxh¢™*, and generate spin currents J¢ oc Exh**
transverse to the field. The symmetric components generate
longitudinal spin-polarized currents for fields along their prin-
cipal axes and acquire a transverse part otherwise, as in the
(time-odd) spin-splitter effect of altermagnets [67].

Although the spin Hall effect is commonly attributed to spin-
orbit coupling, at zero SOC it can arise from non-collinear
order [87], consistent with the vector-chirality form N, X Np
of r“*. Both the symmetric and antisymmetric channels of the
time-odd, magnetic spin Hall effect are allowed for collinear,
coplanar and non-coplanar orders, restricted only by I, as
described in Sec. VI A. In particular, the spin-splitter effect
requires neither SOC nor non-collinear order.

TABLE VI. Normalizers No3)(G) of the 32 crystallographic point groups in O(3), and the orbits of their (decomplexified) irreducible
representations under conjugation by No(3) (G). Irreps within the same set {. ..} are mapped into each other.

Crystal system G No3)(G) Irrep orbits

Triclinic 1 0(3) A

1 0(3) Ag, Ay
Monoclinic 2 oco/mm A, B

m co/mm A, A"

2/m co/mm  Ag, Bg, Ay, By,

Orthorhombic 222 m3m
mm2  4/mmm
mmm  m3m

A, {Bi, By, B3}
Ay, Az, {B1, By}
Ag, {Blga BZg, B3g}’ Au, {Blu, Bou, B3u}

Tetragonal 4 oo/mm A B, E

4 co/mm A,B,E

4/m co/mm  Ag, By, Ay, By, Eg, E,

422 S/mmm A],Az,{B],Bz},E

dmm 8/mmm Ay, Ay, {By, B2}, E

2m  4/mmm Ay, Az, By, By, E

4/mm’n S/mmm Alg’ A2g, {Blg, BZg}v Ay, Ay, {Blus BZu}a Eg, E,
Trigonal 3 co/mm A, E

3 co/mm  Ag, Ay, Eg, E,

32 6/mmm Ay, Ay, E

3m 6/mmm Ay, Ay, E

3m 6/mmm  Alg, Asg, Atu, Aou, Eg, Ey
Hexagonal 6 oo/mm A,B,Ei, E;

6 co/mm A',A”,E’,E"”

6/m co/mm Ag, Bg, Ay, By, E1g, Eag, Evy, Ey

622 12/mmm A\, Az, {B1, B2}, E|, E»
6mm  12/mmm Ay, A, {B1, B2}, E1, E>

62m  6/mmm A}, A5, AV, AY,E', E"

6/mmm 12/mmm A]g,Azg, {B]g,Bzg},Alu,Azu, {Blm B2u}a Elg, E2g, Elua E2u
Cubic 23 m3m AE, T

m3 m3m Ag, Ay, Eg, Ey, Ty, T,

432 m3m A, Ay E, T, T,

43m m3m AL, AL E T, T,

Alga A2g7 Alu’ A2ua Eg7 E,, Tlg’ T2ga Ty, Toy

Appendix E: Supporting tables for epikernel analysis

Here, we provide tables supplementing the epikernel analyses in Sec. V. In Table VIII, we give a second method of checking
the epikernel subgroups: one finds the spin point subgroups of G = O(3) x 6mm such that the order parameter irrep F§1_> ®r,
restricted to these subgroup elements, has a trivial component. Tables IX and X give the epikernels stabilizing the generalized
collinear and mutually orthogonal families on the pyrochlore lattice, from Sec. V C.
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TABLE VII. Number of distinct reducible representations by normalizer class, up to conjugacy by the normalizer No(3)(G).
No(3)(G) 2D 1D’ 1D & 2D

0(3) 4 5 0
co/mm 52 89 41
m3m 37 76 17
12/mmm 38 100 36
8/mmm 38 100 18
6/mmm 26 48 20
4/mmm 17 33 4
Total 212 451 136

In Tables IX and X the order-parameter components are listed in a basis cyclically permuted with respect to Eq. (31): the
entries (N7, Na, N3) in the tables correspond to (N3, Ny, N») of Eq. (31), i.e., they transform as (xy, yz, zx) under m3m. In the
orthogonal rows we take Ni |2 Nl v, N3 || £. At zero SOC, this choice of spin axes is a convention. The single-N state of
Sec. V.C (N3 # 0in Eq. (31)) corresponds to the row (N, 0,0).

(1-)

TABLE VIIL For collinear (left) or coplanar (right) SPGs with parent group 6mm, whether 'y~ ® E» contains the trivial irrep I'o.

Collinear: b, X S | Coplanar: bz, X S
S Ip? S Ip?
lolmim X 162m2m X
16lm'm X 26'm%m X
16lmlim X 262y m%m X
3262xm2ym

62 62x m2m X

16 X %6 3
T6 X 36 v
26 X

3Tm X 132m X
131, X 3232 v
13 X 33 v
Umim!2 v m?m'2 v
Ul m! X 'm?m?2 v
Tm'm!2 v 2xm®ym?2 v
) v 22 v

) X
Um v Zm v
Tm v
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TABLE IX: Epikernels for collinear order on the pyrochlore lattice. The first column indicates the subspaces stabilized. The second column
indicates the unitary SPG elements stabilizing the subspace. The third column indicates the unitary halving subgroup of the epikernel, and the
fourth column indicates the total epikernel. The fifth column depicts a representative order on the pyrochlore unit cell, with colors accentuating
differing moment lengths. Thick horizontal lines separate families of solutions related by broken symmetry. Here, 24 is a 7 rotation about an
axis perpendicular to the collinear axis, obtained by rotating a fixed reference axis by ¢ about the spin axis (the reference axis is £ for spin axes
y and Z, and Z for spin axis X).

Subspace Unitary group elements Unitary subgroup Total group Order
o ) i
N> {[R(DIIEL [Rz ()11} SO(2) x 1 beo X 11 N
_N3_ \ S
N
Ny {[RZ(DIE], [R:()12,70]> [R (D], [R (@) [Im 7]} SO(2) x2/m boo X '2/'m
.N2_

Ny

N, {[R(DIE], [R(@)N12110], [R ()], [R (@) lm110]} SO(2) x2/m boo X 12/'m
-N,

N

N, {[R:(DIIET, [Rz (012,71, [Re(@)I], [Re (@) Im, 7]} SO(2) x2/m boo X '2/'m
Ny

Ny

N> {[R:(DIIET, [Rz (D) 12011], [Rz(@)II], [Re (@) Imon1]} SO(2) x2/m beo X '2/'m
-N;

N

Ny {[RZ(DIE], [R:(P12,07)s [R (D], [R (@) Im 7]} SO(2) x2/m boo X '2/'m
N3

N

—-Ni {[RZ(DIE] [R(@)N12101], [R ()], [R (@) lm101]} SO(2) x2/m boo X '2/'m
N3

Ny {[R:(DNE]. [Rz()13111].[R- () 1371 [R= (@) 1],

p— __1 —_ p—

M [R (D311 LIR (213111 ][R (01121715 [R2 (@) 11271 SO(2) x 3m beo x 13m
M [Rz (D127, IRz (D) Img 71, [Re (@) llm 7], [Rz (@)l 7,1}
[ Ny ] {[R(DIE], [Rz(¢)||317,],[Rz(tp)||31}1]], [R(p)I1], ~ ~
fjvl [R: (93,7, LLR= (@) 317 ][Rz (@) 12011, [Rz(@)112,71]. SO(2) x3m boo x 13m
Y [Rz(@)12110],[R (@) lImor1], [Rz (@) llm 7], [Rz(@)llm110] }
N ] {IR(DIELIR ()3 57 [R=(9) 137, i i
o [Ro () 11.[R= (&) 13,71 [ R (@) 13777 [Re (@) 12171, [R= (@) 121011 SO(2) x3m boo x13m
L] [Rz(@)12110],[R (@) Img 7], [Re (@) Imr01], [Rz (@) llmi10]
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N, {IR(DIEL [R-(&)I13,,7].[R=(&) 137 L1, [Re (@)1, [R=(9)113, 7], ) )
‘%l [R(D)IBLIR: (@) 2011, [Ro(@)N12101], [R2 (912,70 [Re (@) lImoni], SO(2) x 3m beo % 13m
—Ni [R(@)lImioi], [R.(9)llm 5,1}
A _ _
N (IR, (P)IET, 126112, 1, [R- (@)II1], [24]lm, 1} SOQ2) x2/%m | bex'2/Tm
0
[N ] _ _
0 {[R()IEL [26112:], [R ()11, [25lIm ]} SOQ2) x22/2m | bex12/Tm
,N3.
o ) B
N (IR (P)IE], [261122], [Ro (D11, [26lIm. ]} SOQ2)x222m | bex2/Tm
,N3.
-
{[R(DIEL 24112101 LIR(@)112,57], 26112, LIR: (@)1, [24]m101],
1\(;1 ¢ll<tol [Rz(‘ﬁ)”mllo?]’ [2;||m§z]} ¢li10l SO(2) x 'm2m?m boo X 1mimim
Ny )
(IR (DIELIR (@) l12101], [26]12,57]: 126112, ], [R- (@111, R (@)llmion], . ‘
_f)\]1 101 [2¢(ﬁm11)();]7 [2¢¢”mi]} 101 SO(2)><'m2m2m melmlml \
Ny
{[R(D)IEL [R(@)]12011], [261120,7): 2601221, [R (&)1, [R (@)lImora], T X
i | socunin | it | (BN
Ny )
{[R(DIEL24120111, [R:(@)1120;7]: 2612 L IR (@)1, [2llmon ], - \
_?\71 ¢licotl [Rz(w)llmo?ﬁ, [2¢"5”mx]} o1l SO(2) x 'm?m?m boo X 'm'm'm A
0
(IR (DIEL[26 0121101 [R: (@)112,50].[26 12 ][R (9 1], ¢
I 2liminol.[R:(e)m 501, (24 l1m 1} SO@ > Im*mim | boo > imlmim A
1\(]) {[RZ(Sa)l'E]’[RZ(Sa)”z]10]’[2¢”21T0]’ [2¢||22]9[RZ($0)”I]’ SO 2 1..2...2 b 11,1 N
i [Re(@)llm110]. 124 lm 501, [26m 1} @ Tmtmm | beoxEmimim | TN
|, {([R)z”(wn]E][, [R(A)Tl)nni[%¢Rz<s(o>|)|ﬁx],][2[¢&wz)n)z”y],][R[z(w2||§ﬁ],] _
R (@)112110], [RL(@)112170]: [26 Rz (@) Im], [26R (@) Imy], [R:(@)|Im_], 24/ 2mtm | b2 T4/ \mimlm
0 [Ro(@limiiol. [Re(@)lmyp ). [20R- (@) 4. 2eRo()d2]. S04 bexdl \,

[2¢Rz(9)[147 ], [26R-(9) 11471}




{[Ry(DIET [Ry(@)I1]. [Ry(0)112x]. [20Ry (0)112y]. [24Ry (0)]12:].

2o Rx (91451, [26Rx (@) 1451}

o
[Ry(@I2o11 ], [Ry () 120111, [Ry (@)1, [26 Ry () 1y, 24 Ry () ], st |y T T S
N Ry @limon . [Ry (@llmgy 1. [26Ry (@145 ], 2Ry ()47], [SOR) X 4/ immmim | boy x4/t \
0] 2R, ()41, [26R, (¢) 431}
0] | RIEL RN RoRe(2. R, o,
Re(@)l12101], [Rx (@) 12197], [2¢ Rx (@) lImx], [Rx(@)lImy], [2¢ Rx (@) |Im_], e o Ta 1T N
. [Re(@limon]. [Re(@)limoi), [26Re(2)145] [2oRe(@ldS], SO X4/ el b x4/ bl )A\

TABLE X: Epikernels for orthogonal order on the pyrochlore lattice. The first column indicates the stabilized subspace, the second column
indicates the SPG elements stabilizing the subspace, the third column indicates the total SPG of the symmetry-broken phase, and the fourth
column depicts a representative order on the pyrochlore unit cell. Thick lines separate families of solutions related by broken symmetry. Here,
bgz indicates the coplanar spin-only group with plane perpendicular to the axis a.

Subspace SPG elements SPG Moments
- \
N2 {IENEL [END, 1251241, 2401251, (260220, 124 lmec], [2:lmy ], 12 lm. 1} =m® m**m }
_N3_ \
e

{[m-|E). [EE]. Im 1, [ENML (20120, [mali22], 1251251, [my 12,1, 2% s 2 N
N. y y yl=y bE X 22m2y m2x
N | T12d 12202 12y limsd, Dllmad, 2l ], Lmyllmy 1, (Tl (2elme]} | P2 20 D
(N {ImyIEL (ENEL, Dmyllfl, [END, [TN2:0, 1250120, (2002500 [meli2y ],
O [[2:l02], [mali2el [Tlhmads (2yllmals [20limyls [melimyls [2llmel| b2 x 2m® mP<m
_NS_ [mx”mz]}
(M) {ImelE) EIEL [l [ENL (20024, [meli2e]. (T112y]0 [2:012].
Na| (12020, Dmyli2el [2ylmads Tmellmad [Tllmy 1, [2allmy ] [2e0me],| b3 x 2=m® m2m
| 0] [my”mz]}
N ] [{IEIEL TENN. [2y0240 [2:012,] [2:012:] [mgpilizion], Dmonill2y07)|
Ny | |23l [2lmy s (2elime ] Doyt limion]s Dmon lmor ], (451451, T45145 1| Fxa /2 my mmsem
Ns | |3 115 (A5
N [IEIEL [EIN, (201240 [2:012,] (2020 [monli2ion)s [mopill2iep)|
M| [12ylmads 2ellmy s 2ellme], Tmonllmion]s Tmgyillmyor]. 451451, T4 1431 B 2xmy mmsem
Ns| o |[351471. (451141
[N ] (LIEIEL [EIL 12,0240 1240251 1201220 Dmygili2on] [muonli2orils|
Na | |125lm], [24limy ) (2elme ] Dmygilimon s Dmorlmoni s [45 1451 451451 3472 m2mms<m
=N (A5 115D 1331450y
[N {IEIEL (BN 120120 (240120] 1201220 [mgoli2inol. [minoli2igol.|
No | |12yl 20 lmy 1 (2ellme ], Dmyoliminols Dmuollmygol, [47 1471, (431451, #<4/2m®s ™ m
=N 1321120 (3201441




1
3] T 45, TAE1430, (A 140, [A2142T, 3y 137, 0. 037, 13,0,
[

+ + + - +
||3111] [3111”3111] [3111”3111] [3111”3111] [3 1”3111]’ 3111”31]’

Subspace SPG elements SPG Moments

(N ] (HLENEL, [ENL 200251, [2:0125], [2:012:1, [miorll2011]s [mgoill2007)s|
Na| o |[2yllms], [2xllmy], (2¢[lme]s [mioillmont], [myoflimg1]s (4511451 [45114%). | 42 mEem™y=m
(Ni| (4511450, (45 11451}
(N {LENEL [EN. [2y0126]. 201251, [2:012:1. [muoll2i0]s [mygeli2i50]| -
No| | R2yllmx], 2xllmy ], [2:1m:]s [muolimiols [myiollmyiols (4511471, [4711431.)  4<4/2<m>m™xy m
[Na2| [[420147], [4C 11451}

{[mEL [ENE], [m 1], [EI], [25012:], [mxli2x]s 2201241, [myl12,],
0 [TN12:], [2:112:], [2110l12110],  [my10l12110],  [2170112170)>  [m110112470]5 _
No | [ [2yllmx], [mxllma], [2xllmy], [myllmy], [Tlm ], [2:1lm.], [2110llm110] b%2><4z4/21mz"mm"ym
-N> [mn()”mllo] [2110”’”110] [mllonmlio],_ [42”42]5 [4;”4 1, [4+||4+]7

(4211451, (411421, 4211421, [4711421, (421421}

{lm:E], [EIE], [m ], [EN], [2y112x]. [mxll2x], [2x112y], [myli2y],
0 [T||2] [2z||2z]a [2110”2110], [m1]0||2]10], [2110”2110] [ 10”2110], _
Na| | [2yllmx], [mxllmx], [2xlimy], [mylimy], [Tlime], [2:0lm:], [2470/lm110], b%2><4z4/21m2"m’”"-"m
Nz |[muollmiols [210llmygel,  [myiolimyiel,  [4511471 [4z11471, [471145],
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Appendix F: Decompositions of common representations into point group irreps

32

For completeness and to accompany Sec. VI, we include here decompositions of common (point group) representations into
their irreps. In Table XI, parentheses indicate two complex-conjugate irreps that join into a single real irrep.
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PG V eV = {V?} [V?] [V3] [V4]
1 3A 3A 6A 10A 15A
I 3A, 3A, 6Ag 10A, 15A,
2 A+2B A+2B 4A+2B 4A + 6B 9A + 6B
m 247 + A A’ +2A" 4A" +2A” 6A’ +4A” 9A’ + 6A”
2/m A, +2B, Ag +2Bg 4Ag +2Bg 4A, + 6B, 9A, + 6Bg
222 B + By + B3 B + By + B3 3A+ B + By + B3 A+3B; +3B, +3B3 6A+3Bl+3Bz+3B3
mm?2 Al +B1 + B Ay + By + B 3A1+A,+ B+ B, 3A1+ Ay +3B| +3B; 6A1 +3A; +3B; +3B;
mmm By + By, + B3y, Blg + Bzg + B3g 3Ag + Blg + Bzg + ng Ay + 3Blu + 3Bzu + 3B3u 6Ag + 3Blg + 3Bzg + 3338
4 ('E+2E)+A ('E+2E)+A ("E+2E)+2A+2B 3'E+2E)+2A+2B 3'E+2E) +5A+4B
4 ('E+2E)+B ('E+%E)+A ("E+%E) +2A+2B 3'E+2%E) +2A+2B 3E+%E)+5A+4B
4/m  (E,+2E.)+A, (Eqg+2Eg)+Ag ('Eg +2Eg) +2Ag +2B, 3('E, +2E,) +2A, + 2B, 3('Eg +2Eg) +5Ag + 4B,
422 Ay +E A+ E 2A1+B;1+ B+ E 2A,+ B + B, +3E 4A1 4+ Ay +2B| +2B + 3E
dmm A+ E A+ E 2A1+B1+ B+ E 2A1 + By + By +3E 4A1 + A +2B| +2B> + 3E
ZlZm By +E A+ E 2A1+ B+ B+ E Al + Ay +2By +3E 4A1 4+ Ay +2B| +2B +3E
Z‘mz B +E B, + E 2A1+ Ay + B+ E A1 +2B| + By +3E 4A1 +2A2 + 2B + B> + 3E
4/mmm Ay, + E, Azg + Eg 2A1g + Big + Byg + Eg 2A5, + By + By, +3E, 4A1g + Azg +2B1g +2Bag +3E,
3 ("E+2E)+ A, ("E+2E) + A, 2('E +2E) +2A, 3('E +2E) +4A, 5('E +2E) +5A,
3 ("Eu+2E) + Ay (Eqg+2Eg) +Ag  2('Eg +2Eg) +2A, 3('E, +2E,) +4A, S5('Eg +2Eg) +5A,
32 A+ E A+ E 2A1+2E A1+3A2+3E 4A1+A2+5E
3m A+ E A+ E 2A; +2E 3A; + Ay +3E 4A, + Ay + 5E
ém Ay + Ey A2g + Eg 2A]g + 2Eg A]u + 3A2u +3E, 4A1g + A2g + SEg,
6 ("E, +2E)) + A ("Ey +2E) + A (YE; +2E)) (YE1 +2E)) +2("Ey +2E») 3(YEy +2E)) +2(YEy +2E>)
+('Ey +2E)) +2A +2A+2B +3A+2B
6 (YE'+2EY+A”  (‘E”"+%E")+A (‘E'+2E) 20E" +2E") + (\E” +2E”) 3CE" +2E) +2('E” +2E”)
+('E” +2E") +2A’ +2A" +2A" +3A" +2A"
6/m  (YEyy +2Ez) + Ay ("Exg +2Ezg) + Ay ('Eig +2Eig) ("Etu +2E1) +2("Ezy +2Ezy) 3('Eig +2E1g) +2(1Ezg + 2 Eng)
+ ("Exg +2Epg) +2Ag  +2A, +2B, +3Ag +2B,
622 Ay + Ey Ay + E; 2A\+E| + E; 2A,+ B+ B, +2E| + E; 3A1 + B + By +2E| + 3E);
6mm A+ E Ay + Ey 21 + E1 + E» 2A1+ B+ By +2E| + E» 3A1 + B) + By +2E| +3E»
6m2 AY +E’ Al +E” 2A1+E'+E” Al + A +2A7 +2FE' + E” 3AT+ A, + A7 +3E" +2E”
62m A+ E’ AL+ E” 2A +E"+E” Al + A, +2A7 +2E' + E” 3A + Al + AY +3E’ +2E”
6/mmm Ay, + Eyy, Az + Eg 2A1g + E1g + Eng 2Ay + By + By +2Ey, + E3y 3A1g + Big + Bag +2E15 +3Eog
23 T T (YE+2E)+A+T A+3T 2('E +2E) +2A +3T
m3 T, Ty ("Eg +2Eg) + Ag + Ty A, +3T, 2('Eg +2Eg) +2Ag + 3T,
432 T T Al+E+T A2+2T]+T2 2A1+2E+T]+2T2
4_13m T T Al+E+T, A+ T +2T 2A1 +2E + T + 2T
m3m Ty, Tig Alg + Eg + g Aoy + 2Ty + Ty 2A1g +2Eg + Tig + 2T,

TABLE XI. Decompositions of V, eV, [V?], {V?}, [V3] and [V*] into irreducible representations for each point group (PG). eV and {V?}

coincide for every point group and share a column.
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