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When magnetic moments are subject to competing or frustrated interactions, continuous degeneracies that are
not protected by any symmetry of the parent Hamiltonian can emerge at the classical (mean-field) level. Such
“accidental” degeneracies are often lifted by both thermal and quantum fluctuations via a mechanism known
as order-by-disorder (ObD). The leading proposal to detect and characterize ObD in real materials, in a way
that quantitatively distinguishes it from standard energetic selection, is to measure a small fluctuation-induced
pseudo-Goldstone gap in the excitation spectrum. While the properties of this gap are known to leading order
in the spin wave interactions, in both the zero-temperature and classical limits, the pseudo-Goldstone (PG) gap
in quantum magnets at finite temperature has yet to be characterized. Using non-linear spin wave theory, we
compute the PG gap to leading order in a 1/S expansion at low temperature for a variety of frustrated quantum
spin systems. We also develop a formalism to calculate the PG gap in a way that solely uses linear spin-wave
theory, circumventing the need to carry out tedious quantum many-body calculations. We argue that, at leading
order, the PG gap acquires a distinct power-law temperature dependence, proportional to either T9+! or T4/2+1
depending on the gapless dispersion of the PG mode predicted at the mean-field level. Finally, we examine
the implications of these results for the pyrochlore oxide compound Erp Ti»O7, for which there is compelling

evidence of ObD giving rise to the experimentally observed long-range order.

In systems of interacting degrees of freedom, both thermal
and quantum fluctuations typically act to destabilize broken
symmetries and long-range order. In certain condensed matter
systems, these fluctuations can be so pronounced that they
completely suppress order even at absolute zero temperature. A
striking example is liquid helium, which avoids freezing into a
crystalline solid at atmospheric pressure due to strong quantum
zero-point fluctuations [1]. Within the field of magnetism, the
quest for quantum spin liquids—states that lack long-range
magnetic order down to the lowest temperatures—has long been
a central endeavor [2—6]. One preeminent setting for this search
considers highly frustrated magnetic systems where competing
spin-spin interactions produce an exponentially large number
of classically degenerate ground states [7, 8]. This degeneracy
leads to an extensive entropy that can prevent magnetic ordering
down to absolute zero temperature, even in three-dimensional
systems, giving rise to a classical spin liquid [8—10]. Such a
classical perspective has motivated an intense theoretical and
experimental exploration of quantum analogs of such systems.

An intriguing intermediate situation between energetically
stabilized long-range magnetic order and fluctuation-driven
spin liquid states happens in certain models of frustrated spin
systems that possess a sub-exponentially large (in the system
size) manifold of classical ground states. In these systems,
the accidental degeneracies are not protected by global sym-
metries of the spin Hamiltonian but rather emerge from the
specific form of the spin-spin interactions [11]. Although no
unique classical ground state (modulo global symmetries) is
energetically favored at the mean-field level, thermal or quan-
tum fluctuations can lift the degeneracy, stabilizing a subset of
configurations within the manifold of classical ground states
and cause long-range magnetic order—this is the celebrated
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FIG. 1. Schematic picture depicting the spectrum of a PG modes for
(a) type I with a linear dispersing mode, € = v|k|, and (b) type II.
with a quadratic dispersing mode, € = v|k|2. In both cases, the mode
acquires a gap A via the ObD mechanism, modifying the dispersion.
Quantum fluctuations at zero temperature (7" = 0) generates a gap Ay
(quantum ObD), which then increases with T as a power-law, Td+l
and T4/2*1 for type I and type II mode, respectively.

phenomenon of order-by-disorder (ObD) [12—14], a conceptual
cornerstone of frustrated magnetism.

While ObD driven by thermal or quantum fluctuations has
been well-established in an abundant number of theoretical
models of frustrated spin systems [12-48], a long-standing
question is whether ObD is realized in real magnetic materials
and, if so, what experimental signatures can unambiguously
demonstrate its role in stabilizing the observed long-range or-
der. The conventional approach to experimentally confirming
ObD has been rather indirect, proceeding by constructing a
theoretical model of the material, demonstrating ObD within
that framework, and then experimentally verifying a maximum
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number of the model’s predictions against the material prop-
erties [39, 49-53]. This program for identifying ObD in real
materials raises two important concerns. Firstly, it presents
significant methodological challenges, as establishing detailed
quantitative agreement between theory and experiment where
ObD is operating necessitates intricate high-order quantum
many-body perturbation theory calculations. Secondly, even in
cases where it can be successfully executed, the above program
leaves one wanting for a deeper understanding of ObD, such
as asking whether there may exist more direct experimental
evidence for ObD in a material that do not rely on a back and
forth “dialogue” between theoretical calculations and the fitting
of experimental data.

Two recent developments [43, 54] have begun address-
ing the above two issues by considering the formation of
an ObD-induced energy gap A in the otherwise gapless pseudo-
Goldstone (PG) mode (i.e. spin-wave excitations) predicted
by mean-field theory (see Fig. 1). The first development is the
observation that, for a given Hamiltonian model for a quantum
spin-S system, the curvatures of classical plus quantum zero-
point energies computed at O(S) are sufficient to determine
the PG zero-temperature gap Ag exactly to O(S°), without the
necessity of performing involved self-energy calculations due
to magnon-magnon interactions [43]. The second develop-
ment is the observation that frustrated classical spin systems,
displaying thermal but no quantum ObD, feature a temperature-
dependent gap generated by magnon interactions scaling like
A(T) oc TH with p = % (¢ = 1) for linearly dispersing (quadrat-
ically dispersing) PG modes [54]. These two results beg for
two important follow-up questions: “What is the expected
temperature-dependence of A(T') for a quantum treatment of
models with linearly or quadratically dispersing PG modes?”
and “Can one compute such temperature dependence through
a generalization of the framework of Ref. [43] involving cur-
vatures of the free energy density using only linear spin-wave
theory?” In this paper, we answer the second question in
the affirmative, and show that the above exponent u become
d + 1 (linearly dispersing PG mode, € o |k|) and d/2 + 1
(quadratically dispersing PG mode, € o« |k|?), respectively
(see Fig. 1). In short, we have (i) identified a “smoking-gun”
experimental evidence for ObD in a spin system in the form of
two “universal” types of ObD-generated temperature dependent
gaps A(T) to the PG mode, and (ii) propose a straightforward
methodology to compute A(7T') that is unburdened from com-
plex finite-temperature quantum-many body calculations.

Spin-wave theory—To investigate the thermal properties of
the fluctuation-induced gap, we use the formalism of spin-wave
theory, extending the calculations of Ref. [43] to finite tem-
perature to incorporate thermal fluctuation effects. Formally,
spin operators are mapped to Holstein-Primakoff bosons [55]
and subsequently expanded in powers of 1/S, where S is the
spin quantum number [56]. Substituting this expansion into
the Hamiltonian and keeping only the bilinear terms results in

the linear spin-wave Hamiltonian
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where a , is a Holstein-Primakoff boson with wavevector k on

k,c
sublattice a of the magnetic unit cell, and the coefficients A,‘:‘"
and By @ depend on both the magnetic exchange interactions
and the specific classical ground state configuration(s) consid-
ered [56]. The quasiparticle dispersion is then determined by
the eigenvalues of the (non-Hermitian) Bogoliubov-de Gennes
matrix [57]
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where o3 = diag(, —I) is a Pauli matrix acting on the particle-
hole degree of freedom.

Beyond linear spin-wave theory, the quasiparticle energies
correspond to poles of the (retarded) single-magnon propagator

GR(k,w) = [a) +i0* — oy (SMk + Z‘.R(k,w))] o 0

where IR (k, w) is the retarded (thermal) self-energy matrix.
We note that the matrix in Eq. (3) has both sublattice indices
and indices that track the normal and anomalous components
[43, 57, 58]. We may then include leading order effects of spin-
wave interactions perturbatively by computing the self-energy
to O(S°) in the 1/S expansion [59]. This contribution to the
self-energy can be represented as the sum of three one-particle
irreducible diagrams [60]

constructed from both three- and four-magnon interaction ver-
tices. In general, these diagrams carry a conserved wavevector
and frequency (k, w), and sublattice indices, and include both
normal and anomalous propagators [56, 58]. Note that in order
to incorporate thermal effects into the self-energy, we must
take the limit 1/S — 0 while keeping 7'/ S fixed [56].

Next, we consider a gapless PG mode, which falls into one
of two categories depending on its spectral properties, referred
to as “type I” and “type II”” [43, 61]. Throughout this paper, we
assume that this mode is located at the Brillouin zone center
(k = 0), although this assumption can be relaxed in general.
At the level of linear spin-wave theory, a type I PG mode has
linear dispersion, € oc |k|, while the type II mode disperses
quadratically, e o |k|?, as depicted in Fig. 1. For a type I
mode, there is a single linearly independent eigenvector V
corresponding to a zero eigenvalue. In this case, the PG gap
appears at O(S'/?) as

A(T) = SV [ER(T)os My + Moo ZR(D)] V,, (5)



where ZOR (T) = £R(0,0) is introduced to make the temperature
dependence of the self-energy explicit. For a type II mode,
there are two linearly independent eigenvectors, Vy and W,
corresponding to a zero eigenvalue. In this case, the PG gap
appears at O(S) as

A(T) = SO\/ (Vg>:§(T)vo)2 - )VJE}}(T)WOF. ©)

We refer the interested reader to the Supplementary Material of
Ref. [43] for a detailed derivation of Eqs. (5,6). With the PG
gap, the low energy dispersion now takes the form y/v2| k|2 + A2
for a type I mode and v|k|? + A for a type I mode, as depicted
in Fig. 1. The gap then acquires a temperature dependence
A — A(T) from the self-energy ER(k, w) in Egs. (5,6).

Curvature formula—In previous work characterizing the PG
gap in both the quantum zero-temperature [43] and classical
finite-temperature [54] scenarios, it was argued that the gap
at leading order can be calculated exactly by computing the
curvature of the linear spin-wave free energy. Here, we develop
a similar formalism analogous to Refs. [43, 54] that allows us to
calculate the PG gap at O (S°) using only the linear spin-wave
energy eigenvalues at O(S), circumventing the need to carry
out tedious calculations of the magnon self-energy.

The derivation of such a formula resembles the zero-
temperature proof in Ref. [43], which can be generalized
to finite temperature. Consider a local reference frame
(€y.ar ey a €y o) Where & is the classical ordering direc-
tion, éy o is the soft mode direction, and & é, €y o X8y,
We may parametrize the soft mode by an angle 10) (along
with its canonically conjugate pair 6) and define the rotated
Hamiltonian H (¢, 0) = U(¢, 0) HU (¢, 6) where U(¢, 0) is a
unitary transformation that generates the soft modes of the spin
configurations. Formally, this modifies the local frame as

e, ,(9,0) cos¢ —singsinf singcosf)\ (€, ,
é,.(0.0) =] © cos @ sin €y 0
éo,a((ﬁ,g) —sing —cos¢sind cosgcost)\é, ,

We subsequently expand the rotated Hamiltonian to O(S) to
obtain

H(p,0) = S(S + 1)New(0) + SNeq(, 6)
+Szek’(l(¢’ g)b;:,abk,a’ (3)
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where S2¢, is the classical ground state energy (per spin) and
S(€cl + €qu) is the quantum zero-point energy (per spin), and
S€, , 1s the linear spin-wave dispersion [56]. Equation (8)
effectlvely parametrizes the magnons with respect to the zero-
mode subspace. For a type I mode, only ¢ corresponds to a
soft mode at the classical level, so the classical configuration
energy depends on . When 8 # 0, the spin configuration is
classically unstable, implying that the zero-point and spin-wave
energies are not well-defined. For a type II mode, both angles
are classically soft, so €;(0) = €1(0). In general, the free

energy per spin at O(S) is

f(¢,0) =S(S+ Dea(0) + Sequ(4, 0)
kBT Zl ( e—Sek‘a(qﬁ,Q)/kBT) ) (9)

We may now establish an equivalence between the effective
Hamiltonian to O(S') in Eq. (8) and the PG gap using a sum
rule for the magnon spectral function
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where (---)p is used to denote evaluation at ¢ =6 =0,
H,v =¢,0 label the two angles, 14 = ¢, 19 = 6, and
A0, w) = 3 (GR(0,w) - GR(0,w)") is the single-magnon
spectral function evaluated at temperature 7. The vectors U,
are defined as Uy = i(Wo — Vo)/V2, Ug = (Wo + Vo) /2,
where V() and W are vectors that span the zero-mode subspace
in linear spin wave theory [43, 56]. Here, (- --) denotes the
thermal expectation value at a fixed temperature 7.

The right-hand side of Eq. (10) is related to the PG gap
at 0(S°), while the left-hand side is related to curvature of
the linear-spin wave energies at O(S) and O(S?) [56], paving
the way for bypassing the need of performing self-energy
calculations. In particular, the thermal gap at leading order is
given by the formula
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csch? ( Zk";) — 0 exponentially otherwise. Therefore K,
vanishes in the zero temperature limit. At high temperature,
K,y o< T, so this term does not affect the scaling proposed in
Ref. [62] for the classical PG gap. Note that since 7'/ is kept
fixed in perturbation theory, g, is formally of O (S 0) whenever
both u and v correspond to soft modes. The derivatives in
Eq. (13) can be readily calculated using the Hellmann-Feynman
theorem [63]. More details regarding the proof of Eq. (11) and
the calculation of Eq. (13) are provided in the Supplemental
Material [56]. The formula for the PG gap in Eq. (11) is a
finite-temperature generalization of the curvature formula in
Ref. [43].
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FIG. 2. PG gap for the Heisenberg-compass model Eq. (14) on a
simple cubic lattice with (a) & = 0 (type I mode) and (b) & =1 (type
IT mode). In both cases, we use K/J =0.5and S = 1/2.

Models— As a first example, we consider a ferromagnetic
Heisenberg-compass model on the simple cubic lattice, defined
by the Hamiltonian

)

r
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+K (S;CS;CH + SrySry+y + fsfsfﬂ)l’ (14)

where S, is a spin-S operator at site r and 6 = x,y, z are the
nearest-neighbor bonds, and J, K > 0. For K = 0, Eq. (14)
is simply the Heisenberg ferromagnet, with collinear ground
states related by a global SU(2) symmetry. When K > 0, there
is no longer an exact continuous symmetry. In the following,
we consider the cases of ¢ =0 and & = 1.

When & = 0, the classical ground state corresponds to a
collinear ferromagnet with magnetization along any direction
in the X — § plane. In contrast to the (K = 0) Heisenberg model,
this degeneracy is accidental. This accidental U (1) degeneracy
is lifted by quantum and thermal fluctuations to select one of
four magnetization directions along the +X, +§ directions. In
this case, the associated PG mode is of type L.

When ¢ = 1, the classical ground state is a collinear fer-
romagnet with arbitrary magnetization direction, signaling
an accidental O(3) degeneracy. The degeneracy is lifted by
fluctuations to select one of six magnetization directions along
the cubic axes +X, +y, +Z. In this latter case, the associated
PG mode is of type II [56].

The PG gap at O(S°) for Eq. (14) is depicted in Fig. 2 over
a range of temperature in the case of both a type I (¢ = 0)
and type II (¢ = 1) mode. We find an excellent quantitative
agreement between the gap calculated using the curvature
formula in Eq. (11) and the self-energy calculation of Egs. (5,6).
We emphasize that these two calculations are carried out
independently of one another, and there are no free parameters
introduced to make them agree. We note that the gap calculation
is relatively simple for this model, as the lack of three-magnon
interactions implies that K,, = 0 in Eq. (12) [56]. In both
cases, there is a zero-temperature contribution due to the gap
Ay induced by quantum ObD (i.e. zero-point fluctuations) [43].
At low-temperature, the leading thermal contribution to the gap
is proportional to 7% for a type I mode and 7°/2 for a type II
mode.

Next, we discuss an application to the XY pyrochlore antifer-
romagnet Er, Ti»O7, which is arguably one of the best material
candidates for ObD [39, 49, 64]. The spin-orbit entangled
electronic states of Er** are subject to a highly anisotropic
crystal-field producing a ground doublet described using an
effective (pseudo) spin-% with the Er**—E** interactions de-
scribed by an anisotropic exchange-like model [39, 65, 66]

H= ) |eeS58% - 1. (8757 +575))
(i)
+ w718 +Hee)
+ T (gi,- [s;s;+s;s§] +H.c.)]. (15)

Here (i, j) denotes the sum over nearest-neighbor bonds, and
7ij» {ij are bond-dependent phase factors uniquely determined
by the lattice geometry and symmetries of the single-ion wave-
functions [66]. The four nearest-neighbour J,,,, couplings in
Eq. (15) have been fitted to reproduce inelastic neutron scat-
tering data on Er,Ti;O7 [39]. The classical ground states are
non-collinear antiferromagnetic configurations of spins lying
in the local XY planes perpendicular to the local (111) cubic
axes of the pyrochlore lattice [66], parametrized by an acci-
dental U(1) degeneracy [23, 67]. Below T, ~ 1.17 K [35],
ObD selects one of the six “y,” states, leading to a type I PG
mode [39, 66].

The PG gap for Er,Ti»O7 is depicted in Fig. 3 over a range
of temperatures up to 7 = 700mK. We find a zero-temperature
contribution to the gap of Ag = 31.1 peV, consistent with
the gap calculated in Ref. [43], and somewhat smaller than
the experimentally determined values of 43 ueV [68] and
53 ueV [49]. At low-temperature, the gap scales proportional
to T*, similar to the type I mode in Fig. 2(a).

Discussion—The curvature formula in Eq. (11) directly
implies that the PG gap satisfies a universal scaling relation
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FIG. 3. PG gap for the pyrochlore antiferromagnet Er,Ti;O7, cal-
culated using the exchange couplings from Ref. [39]. The classical
ground states are parametrized by an accidental U(1) degeneracy,
corresponding to a type I mode. The gap is plotted up to 7 = 700 mK.

as a function of temperature. By noting that the spin-wave
dispersion is linear (¢ ~ |k|) for a type I mode and quadratic
(ex ~ |k|*) for a type IT mode, a straightforward dimensional
analysis of Eq. (12) implies that the leading thermal correction
generically satisfies

2 (3

( ) (type 1)
0 (L)

16
(type ID), 1o

A(T) — A < {

where d is the spatial dimension, and is consistent with the
results in Figs. 2 and 3. We propose that this universal
temperature-dependence of the gap increasing with tempera-
ture at 0 < T < T, where T is the critical temperature, can
serve as experimental evidence for ObD in a spin systems that
does not rely on fitting exchange couplings to a microscopic
model.

The ability to calculate the PG gap using only linear spin-
wave theory [Eq. (11)] provides a substantial simplification
when compared to the tedious calculation of of the magnon
self-energy, particularly in cases with non-collinear order. In
addition, the presence of a gapless mode in the linear spin-
wave spectrum renders a direct calculation of the self-energy
infrared divergent when d < 3 [69], drawing an analogy
to the Hohenberg—Mermin—Wagner theorem [70-73]. To
circumvent this divergence, one could employ a more involved,
self-consistent approach to calculate the self-energy, such
as those described in Refs. [54, 74-77]. Alternatively, the
curvature formula for the gap in Eq. (11) is well-defined for
d < 3, avoiding the need to regularize an infrared divergence
in the first place.

Our observation that the PG gap obeys a universal,
temperature-dependent scaling relation can serve as a frame-
work to diagnose ObD in real materials in a way that is in-
dependent of the microscopic spin Hamiltonian describing
the material. Leading candidates where ObD may be present

include the compounds Er,Ti;O7 [49, 64, 68], CoTiO3 [51],
SryCu304Cl, [52], and Fe,Ca3(GeOy); [53]. It remains un-
clear, however, whether the small gap measured in these ma-
terials is truly a PG gap, as it is possible that such a gap can
arise from further neighbor exchange, anisotropic spin inter-
actions or higher-order spin interactions such as a biquadratic
interaction. The experimental observation of a temperature-
dependent gap such as in Eq. (16) would aid in resolving these
questions. The experimental details of how to resolve and
characterize small thermal corrections to the PG gap remain
an open problem. For the pyrochlore material Er,Ti;O7, the
thermal correction to the gap up to 7 = 700 mK is predicted to
be A(700 mK) — Ag = 2.9 ueV (see Fig. 3). This will likely be
challenging to measuring experimentally with high resolution
in temperature as this energy scale is at the lower end of what
is currently accessible using high-resolution inelastic neutron
backscattering measurements [78]. In addition, there will be
a crossover temperature, 7", where thermal fluctuations and
the progressive restoration of symmetry as 7, is approached
from below, will take over and make A(7') begin decreasing.
The treatment of corrections to A(7T') arising from pre-critical
fluctuations is beyond the scope of this work, as we focus only
on A(T) in the limit T < T;. Nonetheless, our work provides
a robust theoretical framework to guide future experimental
efforts in this exciting field of research.

Note—In the process of finalizing this manuscript, we became
aware of a very recent preprint [79] that reports calculations of
the PG gap at nonzero temperature similar to those presented
here.
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I. DETAILS OF SPIN WAVE THEORY
A. Holstein-Primakoff expansion

We consider a general bilinear spin model
1
H = § ;;S;,(l JI'—I",().’CZ’SI",().’” (Sl)

where r represents the position of a unit cell and « is a sublattice index. The associated spin wave

theory can be obtained by expressing the spin-operators as Holstein-Primakoff bosons,

A Nr.a 1/2 n + nr.a 1z
Sra=(S—1ra)éao+ VS [(1 -2 ) Ay oo+l (1 -3 ) orl,  (S2)
where n, o = aiﬂa,’a and the vectors €, + = (€4 £i€4,y)/ V2, €, define a local reference frame
with respect to the classical ordering direction €40 (.. €4 X €4, = €4,0). We define the (Fourier

transform of the) exchange interactions in this local frame as

:7;(#;5 = Z o 6eCTY ﬂjd,aﬁéﬁ,v’ (83)
)

where the sum is taken over all bonds ¢ between a site on sublattice « to a site on sublattice S.
Expanding Eq. (S2) in powers of 1/S about an ordered state (typically a classical ground state),
leads to the series representation H = S I S~"2H,. The magnon interactions to O(S°) are

given by

= ( ) El, (S4)

VNe Y |L7ah, + T ay,| . (S5)

a

1 f pa T af T T —af
EZ [ ' akﬂ+A a k(l/ :6+B Cl k,ﬂ+Bk a_k’ﬁak’a , (S6)
k op
! aﬂﬂ al —aBu af
e 2! Z [ “ka ‘Iﬁa’”w Thg g llﬁaka]’ (S7)
afu
1
afﬁ#V T al afuv + o+
Hy = Lk 0 ﬁ [(2!)2 k.9.0%%+0.0%-0 % .14 3, (DkqQakaaqﬁ Qﬂak+q+QV+H.c.)],
qQ afpy

(S8)



where N = N.N; is the number of spins in a system with N, primitive unit cells, N S2¢, is the

energy of the classical configuration, and the symmetrized interaction vertices are

“ = 2N, Z bas: (S9)
Z bap (S10)
A kaﬁ—éaﬁz o (S11)
= Jiap> (S12)
T,ff " = —05uTi s — SanTypar (S13)
1 1
Buv _
V:quv 250/15[” (‘7}( —g+0.ap8 jk+q Qﬁa) + Eéwvfsﬂﬂ (+jQ af jQBa')
1
2 (6ﬂ#6ﬁv$€+g ap * 6(1;1601\/ Q Ba + 6&[35&\/ q ap + 6&/35&#\7]{ av) ’ (S14)
a 4 1
DkéﬁQ Y (6:“/36"13*71:,;,8 +Oapday qﬁa +0apdavy, W) . (S15)

The one-magnon vertex L® vanishes so long as the classical configuration energy is at a local

minimum.

B. Linear spin wave theory

The linear spin wave Hamiltonian results from truncating the Holstein-Primakoff expansion at

O(S) about a configuration corresponding to a classical ground state

+0(S%).  (S16)

, 1
H=NS(S+1)eq+ SZ Z [AZQ a};’aak’a, 3 (B%“ a, aaTk’a, + H.c.)
k aa

The linear spin wave energies and corresponding wavefunctions are determined by diagonalizing

the 2N; X 2N, boson Bogoliubov-de Gennes matrix [1]
osM;, = , (S17)

where o3 = diag(l, —I) is a block Pauli matrix. We may diagonalize Eq. (S17) by defining a new

set of bosons b ko such that

El=g.| k. (S18)



By requiring [b ke’ b . ﬁ] =0 and [b bzt, ﬂ] = 0qp, We obtain the para-unitary condition [2]

k.o’
Ti' = 037,03 (S19)

The eigenvectors of Eq. (S17) come in pairs Vi , and Wy o, = 0'1‘_/—k,a [3], with eigenvalues €. 4,

and make up the columns of the transformation matrix, i.e.

| | | |
Tk =|Vka1 - Vin, Wia -+ Wi, |- (520)

Using Eq. (S19), the eigenvectors can be normalized to satisfy the para-orthogonality conditions

Vi 03V 5 = +0ap, (S21)
W, o3W, 5= —Gap, (S22)
Vi 03W, ;=0. (523)

The linear spin wave Hamiltonian then takes the diagonal form
S
H = NS(S+ Deai + NSequ+ 5 Z Z €kabh oPra+ OS2, (S24)
k a

where the quantum zero-point energy (per spin) is

Sequ = iN Z Z € o (S25)

We may subsequently calculate the free energy (per spin) to O(S) at temperature 7" as
F(T) = S(S + 1)eq + Sega + 2L Z Z In ( ka,n/kBT) +0(S'?). (S26)

Next, we discuss the circumstance of interest, where the linear spin wave spectrum contains zero
modes. This implies that the matrix o3 M, is positive semi-definite. We assume, without loss of
generality, that there is a single zero mode at the Brillouin zone center (k = 0). This mode can be
classified based on the spectral properties of My = My. In particular, M has either one or two
linearly independent eigenvectors corresponding to the zero mode, which we refer to as type I and
type II respectively. We define Vy and W), to be the vectors that span the zero mode subspace, while

simultaneously satisfying the normalization conditions Eqgs. (S21-S23). The projection of My into

4



the zero mode subspace is then given by [4]

) 11
. . VoMoV, (type D)
WMoV, Wi MyW, 00
(type II)
00

A more detailed treatment of non-interacting bosons with zero modes can be found in Refs. [1, 4].

C. Non-linear spin wave theory at finite temperature

To incorporate effects of spin wave interactions at leading order in 1/S and at finite temperature,
we use the imaginary time formalism. To this effect, we assume the O(S) Hamiltonian in Eq. (S16)
is solvable, and treat the three- and four-body interactions perturbatively to O(S°) [5]. We are

interested in the single-magnon spectrum, encoded in the thermal Green’s functions

(kpT)™!
Gk, iwy) = /0 dr €7 <Tak (Dl ﬁ(0)> (S28)
(kgT)~!
Gy (kyiw,) = /0 dr eiont <T fea(Day ﬁ(0)> (S29)
(kpT)~!
(ki) = /0 dr €™ <T f (T)a};’ﬁ(())>, (S30)
(kpT)™!
Gy (ksiwy) = /0 dr eiont <Tak ()a_, ﬁ(0)> (S31)
where «, 8 label the sublattice structure, w, = ]%”; is a bosonic Matsubara frequency, T is the

(imaginary) time-ordering operator [6], (---) denotes the thermal average with respect to the
equilibrium density matrix p = Z~'e~#/kT [7]. This can be organized more compactly into a

Bogoliubov-de Gennes block matrix, analogous to Eq. (S17)

G T (k,iw,) G (k,iw -1

G(k,iw,) = ( 2 ( 2 = | —iw,+03 (SMy + 2(k,iw,)) | o3, (S32)
g++(kaiwn) g+_(k’iwn)

where X(k,iw,) is the imaginary time self-energy that encodes interactions. The single-magnon

dispersion then corresponds to poles of the (real time) retarded Green’s function, related to the

thermal Green’s function via analytic continuation

-1
GR(k,w) = -G (k,iwy — w+i0%) = |w +i0" — o3 (SMk +ZR(k,a))) ] o3, (S33)
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with the retarded self-energy defined similarly as ZR(k, w) = Z(k, iw, — w +i0*). We note that

the temperature dependence of Eq. (S33) enters implicitly in the self-energy.

D. Calculation of the pseudo-Goldstone gap

For the remainder of Sec. I, the calculation of the pseudo-Goldstone (PG) gap proceeds similarly
to Ref. [4], but now with the retarded self-energy R (k, w) evaluated at finite temperature 7. Since
the PG mode appears at zero energy in linear spin-wave theory, we may expand the self energy to
leading order

TR0, w) = ZR(0,0) + O(S7H), (S34)

which is exact to O(S?). The subspace associated with the PG mode is two-dimensional, therefore
we must calculate the poles of Eq. (S33) in the context of degenerate perturbation theory. At O(S°),

this comes down to diagonalizing the effective Hamiltonian [4]

Vo|sMo+Z8() Vo V| s+ ZR(T) | W

Wg [SMO + ZOR(T)]VO Wg [SM() + EOR(T)] Wo (S35)

Her = 073
projected into the zero mode subspace, where we have defined EOR(T) = xR(0,0) to make the
temperature dependence explicit. In the case of a type I mode, we may use Eq. (S27) to compute
the effective Hamiltonian

SVIMyV, + ViER(T)Vy SV MoV, + V ER(T)W,

Ha=| = O o . o . (S36)
~SViMoV, - WIER(T)Vy —SV] MgV, - ViER(T)V,

Computing the eigenvalues of H.g, we obtain a PG gap of O(S'/?),

A(T) = 51/2\/vg [Z8(T) o3 Mo + Moo E8(T)| V. (S37)
Similarly, for a type II mode, we use Eq. (S27) to obtain

. viZRmv,  viZRmw 38)
eff = .
-WZR(T)Vy ~WIZR(T)W,

In this case, the PG gap appears at O(S°) as

A(T) = SO\/ (Vg‘zg(r)vo)2 - (vg EOR(T)WO‘Z. (S39)
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II. CURVATURE FORMULA

Next, we show how the PG gap computed to O(S°), at finite temperature, can be related
to the curvatures of the linear spin-wave dispersion. This is in essence a nonzero temperature
generalization of the curvature formula derived in Ref. [4], where it was shown that the relationship
between these two quantities can be established through the first moment of the magnon spectral
function, projected into the zero-mode subspace. We consider the Holstein-Primakoff expansion
about a configuration that is related to the classical ground state by small rotations about the local
€., and é,, axes, labeled by the angles 6 and ¢ respectively. Relative to the classical ground state,

this transforms the local frame as

800(0) = (1= 1£P) 800+ Lo0s + L0+ OL), (840)
1 1, 1 1

bur(() = (1 LR 142) Ca = {8ag = 70+ 0(0), (S41)
1 1 1 - 1.

éa-(¢) = (1 S LUR TS 142) ba = Llap— 70080+ + O(0), (842)

where ¢ = (¢ + i6)/V2. One can subsequently calculate the appropriate spin-wave theory using

Egs. (S4-S8). Alternatively, these small rotations can be related to the magnon zero-modes

a

by =V, o3 =-Wos| ||, (S43)

using the Hermitian operators

SN )
® =5 |by+bo| +0(s7) (S44)
C[SN . )
0= ZJT [bo —bo] +0(S 1), (S45)

These operators generate rotations about the soft directions [4], given by the unitary operator
U(g,0) = e 9P 109, (546)

This can be used to define a transformed Hamiltonian that encodes these rotations H (¢, 0) =
U(¢,0)THU(¢,0). Expanding to second order in ¢ and 6 using the Baker—Campbell-HausdorfF

formula, we obtain

H(p,0) = H+i0[O, H| +i¢[P, H] - %92 [0, [0, H]] - %qﬂ[@, [®, H]] - ¢0[®, [©, H]]+0(3).
(S47)



Proceeding to compute the curvatures of H (¢, 8), we find they are related to the nested commutators

PH PHY (*H
d¢p? 8¢00), \00d¢

O*H
962

= _[(D, [®’ H]]7

) - (o, [@, H]], ( _
0 0
(548)

) :_[65 [®’H]]’ (
0

where (- - - )g is used as a shorthand for the evaluation at ¢ = 6 = 0.

A. First moment of the spectral function

To relate the curvatures in Egs. (S48) to the PG gap, we first establish a sum rule for the first
moment of the magnon spectral function. More generally, the real-time retarded and advanced

Green’s function for a pair of operators X and Y are respectively [0]

GYy (1) = —i0() ([X(1),Y(0)]), (S49)
Gy (1) =i0(=t) ([X(1), Y (0)]), (S50)

with 6(¢) the Heaviside step function and the time evolution is assumed to be in the Heisenberg

picture, i.e. % =i[H, X]. The corresponding spectral function is defined as
| Y
Axy () = = / d e [GRy (1) = Gy (1] (S51)

The first moment of this spectral function is then

[ooda)wﬂxy(a)) = %dew[mdteiw’% [GRy (1) = Gy (D] = (Y, [X,H]]) (S52)

o0

The following sum rules then directly follow from Egs. (S48)

« *H ® *H
'[Oo dw (L)ﬂd)(b(w) = <(?¢2)0> s [oo dw wﬂ@@(w) = <(W)O> s (553)

00 2 ) 2
/ dw wApe (W) = <(§¢(§2) >, / dw wAge (w) = <(§9;;) > (S54)
—00 0 —00 0

Next, we relate these spectral functions to the single magnon spectral function, defined using

Eq. (S33) as

1
Ak, w) = oF [GR(k,w) - GR(k,w)'], (S55)
i
Projecting into the zero mode subspace, using Eq. S43, we find

T _yt
Ap(w) = (ﬂbobg (w) App, (W) _ ( V03 A0, w)o3Vy =V 03A(0, w) 03 W

. (S56)
A i (w) A+ (W) —W‘L0'3.?((0, w)o3V WT0'3.(/7((0, w)0o3 Wo)
bib} bib, 0 0



We can make use of Egs. (S44-S45) and the rotated vectors

i 1
U¢EE(W0—V0), UGE—Z(WOJFVO)’ (857)

to write the spectral functions of ® and ©® as
Apy(w) = NSUJo3A(0, w)o3U,, (S58)

where u, v = ®, ©. The first moment of the magnon spectral functions may then be written in the

1 O*H : 0
SN <(a/1u(9/1v)0> =U, 03 [‘[m dw w A0, a))] o3U,, (S59)

where Ap = ¢ and Ag = 6. This is equivalent to the result derived in [4], with the expectation value

compact form

now performed at nonzero temperature 7. It is also useful to express the Eq. (S59) in terms of the

zero mode magnons explicitly. It follows from Egs. (S44-S45) that

Ap(w) = ﬁ [(1 +01)Ape(w) + (1 - 01)Age(w) — (02 +i03) Ape (w) — (02 —i0'3)ﬂ®®(w)]-
(560)

This implies that the first moment can be written as

O?H A2 H A2 H
aon () )= (5, ) -2 o), |-
(S61

This sum rule will enable us to demonstrate the equivalence between the PG gap and the curvature

© 1
/ dowAy(w) = 2SN

formula in the main text.

B. Calculation of the gap

Next, we discuss how to use the sum rule to calculate the PG gap for both type I and type 11
modes. Using Eqgs. (S40-S42), we carry out a Holstein-Primakoff expansion about a rotated spin
configuration to obtain H (¢, 6). First, we discuss the case of a type II PG mode, where both angles
¢ and 6 correspond to soft directions. In this case, the Holstein-Primakoff expansion is

H($,0) = S(S+ 1)Ne + SNeq(¢,0) + S Z €k.a (0. O)b) by, +O(S'?),
k.

as the classical configuration energy € is independent of ¢ and 6. The second derivative is then [4]

1 (927‘( 62€qu 1 asza »
SN <(6/l#a/11’)0> ) (a’l#a/lV)o "N ; ; (3/1p(9/IV)0 8 (€k.a) + O(S7), (562)




-1
where ng(€x o) = (exp (SE" “) - 1) is the Bose distribution function. Eq. (S62) can be written in

a more tractable form involving the free energy per spin, defined as
F(6,0) = S(S + 1)eq + Seq(, 0) + “BL Z Z In ( kaﬂ(‘l’ﬁ)/kBT) . (S63)

It follows that

1 627-[ 1 62](‘
14 pp—— = — K e 4
8 SN<(0/1#6/1V)0> S[(aﬁ,mv) +K, (S64)

52 (')eka (')eka 5 S€;
K, = : - h — | .
n 4kBTNZ o1 o, | SN N\ 2keT (565)
k. “ 1o 0

To calculate the PG gap, we use the fact that the first moment of the spectral function is equivalent

where

to the effective Hamiltonian in Eq. (S35) (see Ref. [4] for more details). In particular, we have

dwwAy(w) = Heg = = . (S66)

- /°° 1 200 t oo 800 — 8aod *+ 2igdpe
3
—co 8od — 800 *+ 2igoe —800 — 8§od

Diagonalizing H.g, we find for the PG gap

A(T) = 5%\Js00800 — 83 (TypeI). (S67)

Next, we consider the case of a type I PG mode, where only one of the angles ¢ corresponds to a
soft direction. In this case, the Holstein-Primakoff expansion is only stable when 6 = 0. Following

the same line of reasoning as Ref. [4], we find

661 825(.
(695)0+gq)(b S((')ng)o_g(DCD

0 1
o3 dowA)(w) = Heg = = (S68)
o0 2\ gon — (a 6“) ( ) - 800
0
Diagonalizing H.g, we find for the PG gap
1/2 %€
AT) =S 5g2 | 8o (Type D). (569)
0

C. Evaluation of K ,,,

In this subsection, we discuss the evaluation of Eq. (S65) and the circumstances when this term
vanishes. One can work out an explicit form of these derivatives with respect to the spin exchange

matrices in a local reference frame, avoiding the need to approximate them numerically. For this,
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we make use of the Hellmann-Feynmann theorem, generalized to bosonic Bogoliubov-de Gennes
systems.

To begin, suppose the spin-wave theory depends on some continuous parameter A. The linear
spin-wave energies satisfy the eigenvalue equation 03 My (1) Vi o () = €k o (A1) V.o (1). So long as
the normalization conditions Eqs. (S21-S23) are satisfied, the derivatives of the spin-wave energies

satisfy

afk’a, _ VT aMk

-yl —ty
o1 ka gy "k

(S70)

N

Making use of the local rotated frame in Eqgs. (S40-542), the first derivatives are evaluated to

9840 SR i 0éu\ _ 0,
=———=\€a+ —€4-), =———=€4,0, =+—=€,4,0,
00 Jo N2 T a0 ]y V2 0 9 o 2 0
o0é 1 oe 1 0é, 1
( ea’o) =+— (éa,+ + éa,—) s ( ea,+) = __é\a,O, ( Oa. ) = __éa,O- (S71)
0 0 0

0¢ V2 d¢ V2 d¢ V2
It follows that the local exchange matrices are given by
a:fk af a% @B
( 96 )0 V2 7 (90 =900 ( 90 | = _x_F (5 )
a*j;c af 8% ap
( a¢ )O = —T (% B + ﬂﬁa) s ( a¢ ) = —T (% ap jkﬁa’) s (872)

where we have used the properties j;? op j;( Ba and j;?; 5= VA +kO o We may then evaluate the

derivatives of the spin-wave energies using Egs. (570,572) as

0 C D
0, ’ D; CcT, ’
M =k
where
ng ap 8‘7l-c af
C = , D =|—- . S74
[ k,#]aﬁ ( (9/7.# . [ k,l-l]aﬂ (9/1,1 . ( )

The K, term may then be evaluated as

S? Ck,u Dk,u Cr, Dyg, Sek o
AT § v ’ ly, vl : T lv h? . S75
/.l ( ) 4TN k,CZ D;; ) CIk . k,CK k,(l D;; , C-_l—k , k.« CSC 2T ( )

This expression vanishes in the zero-temperature limit, that is K,,, — 0as 7 — 0*. The expression

in Eq. (S75) is enormously useful as it involves only the linear spin-wave eigenvectors and exchange
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matrices, and therefore circumvents the need to calculate derivatives of the spin-wave energies
numerically (e.g. using a finite difference method).
We note the Z{fgﬁ exchange couplings appearing in Eq. (S72) are directly related to the

three-Magnon interaction vertices in Eq. (S7), given by
Bu _ 0 0
T,fk,” = —5a#jfﬁa - 5ﬁ#$€fwﬁ. (S76)

We may therefore conclude that if the spin-wave theory does not have any three-magnon,
interactions, i.e. 7;;/3 # =0, then K,,(T) = 0 and the PG gap can be calculated to 0(S°) from the
curvature of the linear spin-wave free energy. In the general case where three-body interactions are
present, this additional term K, (T') will be nonzero, however we emphasize that it still allows one

to compute the PG gap within the framework of linear spin-wave theory.

III. MODELS

We now discuss details of two additional magnetic pyrochlore materials, where the quantum

spin models are known to exhibit ObD.

A. Yb2G6207

First, we discuss the XY pyrochlore antiferromagnet Yb,Ge,O7. Similar to the material Er, Ti;O7
discussed in the main text, strong spin-orbit effects lead to a highly anisotropic (pseudo) spin—%
model

H=Y [Jzzsl?Sj. —J. (Sjs;. + S;Sj.) +Jes (yijsjsj. + H.c.) + . (gl- ; [s;sj. + 5;55] + Hc)]
(i.j)
(S77)
where y;;, ;; are bond-dependent phase factors (see Ref. [8]). The four nearest-neighbor couplings

have been fitted to inelastic neutron scattering data, with the best fit given by [9]
J; =0.128 meV, J. =0.138 meV, J..=0.044 meV, J..=-0.188 meV. (§78)

The classical ground states are non-collinear antiferromagnetic configurations of spins lying in
the local XY planes perpendicular to the local [111] cubic axes of the pyrochlore lattice [8],
parametrized by an accidental U(1) degeneracy [10]. Below T, ~ 0.572 K [9], ObD selects one of

the six “y¥3” states, leading to a type I PG mode.
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FIG. S1. PG gap for the pyrochlore antiferromagnet Yb,Ge;O7, calculated using the exchange couplings
from Ref. [9]. The classical ground states are parametrized by an accidental U (1) degeneracy, corresponding

to a type I mode. The gap is plotted up to 7. /2 = 286 mK.

The temperature dependence of PG gap for Yb,Ge,O7 is depicted in Fig. S1 over a range of
temperatures up to 7. /2. We find a zero-temperature contribution to the gap of Ag = 13.028 ueV,
and a very small thermal correction of A(7./2) — Ag = 6 neV. At low-temperature, the gap scales

proportional to T* as expected for a type I mode.

B. Llle207

Finally, we discuss the somewhat unique scenario of the pyrochlore ferromagnet Lu,V,05. In

this material, the V** transition metal ions are magnetic, leading to the effective spin—% model

H:—J;S,--Sj—;D,-_,--(S,-ij), (S79)
L,J L]

where the DM vectors are of the “indirect” type [12]. The two nearest-neighbor couplings have

been fitted to inelastic neutron scattering data, with the best fit given by [11]
J =8.22 meV, |D;;| = 1.5 meV. (S80)
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FIG. S2. PG gap for the pyrochlore ferromagnet Lu,; V,07, calculated using the exchange couplings from

Ref. [11]. The ground states are parametrized by an accidental O(3) degeneracy, corresponding to a type II

mode. The gap is plotted up to 7. /2 = 36.5 K.

The ground states are collinear ferromagnetic configurations parametrized by an accidental O(3)
degeneracy [13]. Below 7. = 73 K [11], ObD (within the model of Eq. (S79) selects one of the
(111) directions for the bulk magnetization [13], leading to a type II PG mode.

The temperature dependence of the PG gap for Lu, V,05 is depicted in Fig. S2 over a range of
temperatures up to 7. /2. In this case, there is no zero-temperature contribution to the gap, consistent
with recent work in Ref. [13] arguing that this material exhibits ObD without quantum zero-point
fluctuations. Moreover, we find at low-temperature a gap scales proportional to 77/, distinct from

the expected T°/2 scaling for a type II mode. This exception arises due to the observation pointed
out in Ref. [13], that the anisotropy enters the spin-wave dispersion at O(k*) in the wavevector,
when |D;;| < J. This implies the linear spin-wave free energy, at low-temperature, takes the form

f(¢,0) =aT>"* +b(¢,0)T"* + O(T°?), (S81)

with the coefficient a being independent of the spin orientation. The K, terms entering the

curvature formula will have a similar low-temperature expansion, and Eq. (S67) is consistent with
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this power-law scaling.
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