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S1. Energy expansion of the quartic perturbation

In this section, we present the series expansion of the energy for a spiral state perturbed by a perpendicular perturbation with
wave vector Q,p in both the square and cubic lattices, demonstrating the quartic dependence of the energy of such a state on the
perturbation amplitude.

A. Square lattice

To illustrate how quartic modes emerge in a spiral ground state perturbed by a perpendicular perturbation with a wave vector
corresponding to the non-selected spiral, Q,p, we consider a generic spiral with period L. First, it is useful to rewrite the
perturbed state given in Eq. (3) of the main text as:
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where the position of site i is given by r; = (z,y) and we set Qg = (0,27/L), Q.5 = (27/L,0). Furthermore, we have set
the arbitrary phases to be ¢ = ¢’ = 0. Next, consider the energy term associated with the nth nearest-neighbor interactions:
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This term is proportional to the scalar product between the spin at site 7; = (z,y) and its n™ nearest neighbors, given by
r; = (r+ta,y£b)and (x £ b,y £ a). To avoid double counting, we include only one term from each pair related by a global
minus sign: (z + a,y +b), (r —a,y +b), (x — b,y + a), and (z — b,y — a). These four terms form two pairs related by a
90° rotational symmetry around the 2 axis. To show that the quadratic term vanishes, it is sufficient to consider one such pair,
summed over the entire lattice:
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Expanding the scalar products in a series of §, we obtain for the second-order terms the following expression:
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Using algebraic manipulations and the fact that summing over the entire lattice causes terms proportional to cos (QT’T:E) and

sin (2% ), or equivalent expressions for v, to vanish, we arrive at:
L
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This final expression vanishes when summing over the entire lattice. Therefore, while the existence of a spiral ground state
depends on the Hamiltonian, the quartic nature of the mode involving a perpendicular perturbation with the wave vector of the
non-selected spiral is a general property of the spiral ground state, independent of the specific Hamiltonian. The same argument
also applies to two-dimensional spirals.

The energy expansion up to the fourth order for the state in Eq. (S1), specific to the square lattice discussed in the main text,
is given by

e(6) =Y ei(d) = —1.00729 + 0.039065* + O(5°), (S6)
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where e; with ¢ = 1, 2, 3 are the energy contributions from the different lattice bonds with couplings .J1, Js, J3, respectively.

B. Cubic lattice

To compute the energy expansion, we consider a state similar to the one in Eq. (S1), generalized to the equal superposition of
the two quartic perturbations S7 ~ §[cos(Qap, * i) + cos(Qap, - 7i)]. We rewrite the state as:
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where r; = (z,y,2), Qs = (0, 25,0), Qup, = (27”, 0,0), and Q,p, = (0,0, 2%). To show that the terms proportional to 62 in
the expression in Eq. (S2) vanish, the procedure is analogous to the one presented for the square lattice. The only difference in the
cubic lattice case is that we must consider three contributions, as the perturbation consists of two terms. Specifically, the scalar
product is taken between the spin at site 7; = (z, ¥, z) and three of its n*® nearest neighbors: (1) the spin at (z +a,y + b,z +¢)
(2) the spin at (x — b,y + a, z + ¢) obtained by a 90° rotation around the 2-axis (3) the spin at (x + a,y — ¢, z + b) obtained by
a 90° rotation around the Z-axis.

The energy expansion up to the fourth order for the state in Eq. (S7), specific to the cubic lattice discussed in the main text, is

given by
e(8) = e1(8) + ea(8) + es(d) ~ —1.48114 4 0.1538635* + O(6). (S8)

S2. Details on the Monte Carlo simulations

To generate the spin configurations needed for the spin Molecular Dynamics (sMD) simulations, we perform classical Monte
Carlo (cMC) calculations on the square and cubic lattices. We use a particular version of the single-spin update algorithm called
the adaptive Gaussian step algorithm, which allows for a controlled and fixed 50% acceptance ratio at all temperatures [S1].
Additionally, for each spin-update trial, we perform two over-relaxation steps. Then, at a given temperature, we perform 5 x 10°
c¢MC steps consisting each of N single-spin update trials and 2N over-relaxation steps, where NV is the number of spins in the
system. Data for measurements is collected during the second half of the cMC steps.

For both lattices, we perform two types of simulations: cooling down and heating, both with logarithmic temperature steps.
For the cooling-down simulations, we do 120 temperature steps from 7'/J = 2 down to 7'/J = 0.01, where J is the largest
coupling. Then we perform an extra 31 steps down to 7'/.J = 10~12. For the heating simulations, we depart from a ground-state
configuration and perform 34 logarithmic steps from 7'/J = 1072 up to 10~ (16 steps in the cubic case). We save the last
configuration at each temperature as a benchmark point.

From each configuration at a desired temperature, we generate 120 new spin configurations for the Molecular Dynamics
simulations. This is done by performing 5 x 10° ¢cMC steps between spin configurations, implying 60 million cMC steps
between the first and last spin configurations at a given temperature.

In the case of the square lattice, we do this for N = L? lattices with L = 20, 40, 60, and 80. In the case of the cubic lattice,
we do this for N = L2 lattices with L = 5, 10, 15, and 20. In both cases, we use periodical boundary conditions, which do not
frustrate the 5-site spiral ground state.
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FIG. S1. Classical Monte Carlo calculations for the specific heat ¢, (T"). The data from the cooling down simulations is shown in a continuous
line, while the results from heating up are shown by the full dots. The temperature is shown in 7'/ J, where J is the largest coupling in each
case. Panels (a) and (b) correspond to the square and cubic lattice models, respectively.

For completeness, we show in Fig. S1 the specific heat ¢, (T") from the cMC calculations; in panel (a) for the square lattice
model and in panel (b) for the cubic lattice. In both cases, the lines indicate the calculations for the cooling down simulations,
while the dots are the results for the heating up simulations, noting an excellent agreement between both. Also, both calculations
find evidence for only a single phase transition into a spiral phase.

S3. Details on the spin Molecular Dynamics simulations

In this section, we explain how the spin Molecular Dynamics (sMD) simulations are performed and how the dynamical
structure factor is computed within this framework.

A. Overview of the method and numerical details

The sMD simulations consist of numerically integrating the classical equations of motion for the spins:

ds;
dt

where h; = — 2L s the local effective field acting on S;, arising from interactions with neighboring spins. These equations

correspond to the Landau-Lifshitz equations without the damping term [S2]. The numerical integration is carried out using the
Runge-Kutta Cash-Karp method, implemented through the Boost C++ Library [S3].

B. Computing the dynamical structure factor

The central quantity of our study is the dynamical structure factor

N 00
S(q,w) = ﬁ Z/ ewte™1a(mi=ri) (§,(0) - 8, (t))dt (S10)

ij=1"~

evaluated at ¢ = Q,p. To compute S(Q.5,w), we follow the approach of Ref. [S4]. Specifically, the spin Fourier transform for
each spin component is computed during the simulation. At the end of the time evolution, S(Q,5, w) is obtained by multiplying
the Fourier transform by its complex conjugate and summing over the components. For the calculation of S(Q.p,w) at finite
temperature, the results are obtained by averaging over 120 simulations. Each simulation starts from an independent, equilibrated
MC configuration, which is obtained by heating up the system starting from zero temperature.



S4. Fitting procedures

In this section, we describe the fitting procedures used in this work. First, we explain how the gap value is extracted from the
dynamical structure factor. Then, we discuss how these extracted values are fitted using the function in Eq. (6) of the main text,
which is derived from the phenomenological model. The results of the second fit are shown in Figs. 2(b) and 2(c).

A. Gap extraction from the dynamical structure factor

The value of the gap at ¢ = Q,p is obtained by fitting S(Q.p, w) with a Lorentzian function multiplied by a scaling factor
A:
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The value of the gap corresponds to the position of the maximum, given by xy. For each linear size and temperature, we compute
the difference between the gap value extracted from the fit and the position of the maximum of S(Q.p,w). Since all observed
differences lie within 3~ /4 (square lattice) and ~y/2 (cubic lattice), we adopt these values as estimates of the error.

B. Fitting the simulated gaps

The gap values are fitted using the function in Eq. (6) of the main text, which describes the gap behavior derived from the
phenomenological model. At low temperatures, this function predicts A ~ T/4. This scaling is confirmed by the linear fit
of log T versus log A, shown by the blue line in Fig. 2(b) for the square lattice and the blue line in Fig. 2(c) for the cubic
lattice. Thus, we verify that the function in Eq. (6) provides a good fit to the data at low temperatures. Starting from the
lowest temperatures, we gradually increase the number of data points used in the fit. For each step, we compute x?/df, where
df = n — 2 is the number of degrees of freedom (with n being the number of points used, minus two since the fit depends on
two parameters). We then compare x?/df with the chi-squared critical value at a 95% confidence level, denoted as X3 5 /df.
The computed 2 /df values and corresponding critical values for the two lattices are shown in Fig. S2. The fits presented in
Figs. 2(b) and 2(c) correspond to the maximum number of points where 2 /df remains below the critical threshold across all
linear system sizes. This results in n = 19 for the square lattice and n = 8 for the cubic lattice.
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FIG. S2. (a) The reduced chi-squared per degree of freedom, x?/df, as a function of n, the number of points used to fit the gap values with
the function in Eq. (6), for the square lattice with L = 20, 40, 60, 80. Since this function depends on two parameters, the degrees of freedom
are given by n — 2. The black squares represent the critical value x3. o5 /df. The yellow region highlights the maximum number of points
for which x? /df remains below the critical chi-squared value for all system sizes. These selected points, starting from the lowest-temperature
point, are those used in the fit shown in Fig. 2(b) of the main text. (b) Same as (a) for the cubic lattice, with L = 10, 15.



S5. Additional data

In this section, we present additional data for the square and cubic lattices. Specifically, the energy gap as a function of the
perturbation strength, and the gap as a function of temperature at the two anti-Bragg wave vectors.

A. Square lattice

The quartic perturbation is energetically softer than all other possible deformations of the ground state (apart from global spin
rotations). Therefore, we can alternatively access the low-temperature behavior by initializing the system precisely in the exact
perturbed state (see main text), and then obtain its dynamics via sMD for varying perturbation strengths §. The sMD results for
the 2D model then show that the dynamical spin structure factor S(Q.p,w) at the anti-Bragg point is gapped and the gap A
scales linearly with the perturbation strength, A ~ § (see Fig. S3). Based on this result, we can infer the temperature dependence
of the gap by considering that the energy for a quartic mode is E ~ §%, and E ~ T by the principle of equipartition. Thus, we
find that 6 ~ T"/* yields a gap that scales as A ~ T"/4 in agreement with the dimensional analysis presented in the main text.
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FIG. S3. Gap computed as the maximum of S(Qag,w) as a function of the perturbation strength § for the 2D model. The data are fitted with
a linear function (m =~ 0.4).

B. Cubic lattice

Similarly to the square lattice discussed above, we compute S(Q.B,w), starting from a configuration in which the quartic
modes are excited directly, using the expression in Eq. (S7). The sMD simulations show that S(Q.p,,w) and S(Q.p,,w)
display a peak at the same frequency, that scales linearly with d, see Fig. S4.

As explained in the main text, the cubic lattice exhibits quartic modes at the two not-selected spiral wave vectors denoted as
Q.p, and Q,p,. As shown in Fig. S5, the gap at Q,p, and Q,p, is the same, which agrees with the equivalence of these points.
This agreement further confirms that the initial configurations are equilibrated correctly. In Fig. 2(c) of the main text, the gap
values are obtained from the average of the gaps at the two anti-Bragg points.

S6. Frequency of the quartic oscillator in the presence of the entropic term

We consider a phenomenological model of a quartic oscillator with an additional entropic contribution, described by the
effective Hamiltonian

_r

H
eff m

+ Azt + aT2?, (S12)

where the first two terms are energetic contributions and the last term arises from entropy (see the main text). To estimate the
frequency of this oscillator, we apply a mean-field decoupling of the quartic term as z* ~ 6 (z2) 22, where (- - -) denotes thermal
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FIG. S4. (a) Normalized dynamical structure factor S(q,w) at ¢ = Qap for different values of the perturbation strength 4, obtained from
sMD simulations for L = 15. The calculation is performed at both Q.5, and QaB,, and since the resulting curves are identical, we use the
notation Q. in the plot to represent both points. (b) Gap A at ¢ = QaB,, equal to the one at ¢ = QaB,, as a function of the perturbation
strength §. The data are fitted with a linear function (m =~ 0.32).
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FIG. S5. Values of the gap A as a function of temperature, extracted respectively from S(QaB,,w) and S(QaB,,w), for the cubic system
with linear size L = 15.

average, assuming thermal equilibrium at temperature 7". The factor of 6 comes from the number of ways to contract z* into a
product involving (z?) 22. This decoupling leads to an effective quadratic Hamiltonian

2
Hyuaa ~ éim + (6M(2?) + aT) 22 (S13)
For such a quadratic Hamiltonian, the thermal average
T T
(x?) = (S14)
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This equation can be solved self-consistently for (x2) to find the frequency w or, alternatively, one may rewrite Eq. (S14) as

2 6T
T 22 yaT (S15)
2 mw?
This is a quadratic equation in w, giving
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where T* = 6\ /. This frequency is identified as the thermal gap A of the quartic mode at temperature 7.

S7. Derivation of the phenomenological model

To derive the phenomenological quartic oscillator model from the microscopic spin Hamiltonian, we start from a different
representation of the classical spins:

1 1
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where the real variables x;, p; satisfy the Poisson bracket relation {z;,p;} = &;;, and {&;,9;, 2;} is any right-handed local
orthogonal coordinate frame [S5]. This representation, together with the Poisson bracket relation of x; and p; reproduces the
canonical Poisson bracket for spin components { S}, S¥} = di; >_,, €755 . We further choose the local frame {&;,9;, Z;} to
be aligned with the ground-state spiral ordering at wave vector Qp

i = — sin(QB . ’I"i) T+ COS(QB : ’I"i) v,
i =%,

i =cos(Qp - 7;) & +sin(Qp - ;) T, (S18)
where {&, 9, 2} are the Cartesian directions in the global coordinate frame. Substituting Egs. (S17) and (S18) into the micro-
scopic spin Hamiltonians, Taylor expanding in z;, p;, and keeping terms up to quadratic order, yields the energy
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1
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where J,, denotes the coupling strength on the bond v from the lattice site 7. Further, considering the Fourier transform

1 ik-7; 1 ik
Ty = —F= e’ ‘T, bi = —F/= e' ‘Pks (520)
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with IV being the number of spins in the system, we obtain

1

Hy =3 ij [Lk 2 kTr + Mg p_kpr] , (S21)

where

Ly = Z Jy, cos(Qp - V) (eik"’ - 1) ,
My, = Z J, (e®Y —cos(Qg - v)) . (S22)

In reciprocal space, we have the Poisson bracket {xg, pr’} = k4 Which thus implies the conjugate variable to xy, is p_g.
Therefore, the quadratic Hamiltonian in Eq. (S21) describes a simple harmonic oscillator with frequency wi, = +/ L Mj,. Thus,
a zero mode occurs when Ly, =0, M, = 0, or both are zero. We find Lo = 0 and Mg, = Mq,, = 0. To focus on the mode at
Q.B, we retain only the wave vectors Q,p and —Q,p in the Fourier expansion (as conjugate variables appear at k and —k):

L
VN

pi:m

The real valuedness of x; and p; implies the complex conjugate x* , = x and p*, = pj for any k. Making use of these
conditions and the relation {zg, px' } = gk, We rewrite the Fourier components as the following

Q. = (X +ZP)/\/§7 T_Qup = (X — ZP)/\/i
PQus = (P —iX)/V2, p_q., = (P+iX)/V2, (S24)

T; = elQaB""i‘/anB + e_lQaB""iiriQaB) ,

(eiQaB'rinaB + e_iQaB'mpraB) . (823)



where X, P and X, P satisfy the Poisson bracket relations {X, P} = {X,P} = 1, and other Poisson brackets are zero.

Eq. (S23) then becomes
2 5
€Tr; = N COS aB " Ti) — Sin aB " T; s
X cos(Q ) — Psin(Q )

P = \/z (P cos(Qup - ) + X sin(Qur .m)) . (S25)

Substituting Eq. (S25) into Eq. (S17), Taylor expanding it up to quartic order in X, P, X, P, and then inserting the expansion in
the microscopic spin Hamiltonian yields an effective quartic oscillator Hamiltonian, which includes several quartic (momentum-
conserving) combinations of those four variables. Most importantly, these quartic terms in the Hamiltonian have an explicit
system-size dependence, which is O(1/N); Eq. (S25) shows that each quartic term is O(1/N?), with the microscopic spin
Hamiltonian having a sum over bonds, which gives a contribution of O(N') — combining these contributions, we ultimately get
a 1/N coefficient for the quartic terms in the final effective quartic Hamiltonian. We thus see that the prefactor of the quartic
potential term in Eq. (5) of the main text scales as A ~ 1/N.

With the proper N-dependent scaling of the effective quartic Hamiltonian in reciprocal space at hand, proceeding next with
a mean-field decoupling of the quartic terms as done for Eq. (5) in the main text, yields an effective simple harmonic oscillator
whose frequency — and hence the gap A — has the same form as in Eq. (6) from the main text, with the crossover temperature
T* ~ 1/N. Thus, the gap at low temperatures behaves as A ~ (T/N)'/4, while at high temperatures, where the entropic
contribution dominates, A ~ /T — independent of the system size. Consequently, in the thermodynamic limit (N — o0),
T* — 0 and only one scaling relation — A ~ /T — remains.
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