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Spin waves are the fundamental excitations in magnetically ordered spin systems and are ubiquitously ob-
served in magnetic materials. However, the standard understanding of spin waves as collective spin oscillations
in an effective harmonic potential does not consider the possibility of soft modes, such as those due to an effec-
tive quartic potential. In this work, we show that such quartic potentials arise under very general conditions in
a broad class of isotropic spin systems without a fine-tuning of the interaction parameters. Considering models
with spin spiral ground states in two and three spatial dimensions, we numerically demonstrate that quartic am-
plitude spin oscillations produce a fluctuation-induced spin-wave gap which grows with temperature according
to a characteristic power-law. In conjunction with a phenomenological theory, the present work provides a gen-
eral theoretical framework for describing soft spin modes, extending the previously discussed spin dynamics in
the presence of order-by-disorder, and highlighting the important role of finite-size effects. Our predictions of
a temperature-dependent gap in spiral spin systems could be tested in inelastic neutron scattering experiments,
providing direct spectroscopic evidence for thermal effects arising from soft spin modes in magnetic materials.

Introduction.— The notion of a quasiparticle is widely used
to describe collective excitations in many-body systems [1].
This term refers to a common situation in which, similarly to
fundamental particles in high-energy physics, a collective ex-
citation in a solid-state system can be described by character-
istic properties such as its effective mass or, more generally,
its dispersion relation. Well-known examples of quasiparti-
cles include phonons, which arise from collective lattice vi-
brations, and magnons, which result from collective spin pre-
cessions [2]. In both cases, the quasiparticles can be classi-
cally understood as oscillations in an effective harmonic po-
tential V (z) = ax? with a frequency w, and with the quantum
mechanical excitation energy, F, given by E = hw.

In this Letter, we address the fundamental question of
how the concept of a quasiparticle changes when the effec-
tive potential is softer than quadratic and how such anhar-
monicity can be exposed in experiments. For concreteness,
we specifically consider the case of quartic potentials where
V() oc z*. Such potentials and the associated collective ex-
citations are of relevance in quite distinct physical systems, in-
cluding trapped Bose-Einstein condensates [3, 4], chaotic sys-
tems [5, 6], soft phonons [7, 8], and, in high-energy physics,
in the context of the Higgs self-coupling [9-11]. Here, we
investigate quartic potentials in classical Heisenberg spin sys-
tems, which emerge under fairly general conditions and with-
out the need to fine-tune model parameters to eliminate the
harmonic az? component. Our starting point is a Heisen-
berg spin Hamiltonian that has several degenerate symmetry-
related planar spin spiral ground states. We show that in a sys-
tem exhibiting a planar spin-spiral long-range ordered state at
one of several symmetry-related ground-state ordering wave

vectors, an oscillation of the spin component perpendicular to
the spiral ordering plane, taken at the wave vector of a differ-
ent ground-state spiral, has a quartic dependence of the exci-
tation energy on the amplitude. We refer to this oscillation as
a quartic oscillation in the following.

Since a system with a purely quartic potential has a van-
ishing harmonic component (o« = 0), one might naively ex-
pect it to display gapless excitations. While this is true in the
zero-temperature limit, our numerical simulations reveal that
thermal fluctuations dynamically generate a spin-wave gap
A. This implies a remarkable situation in which the elemen-
tary properties of a quasiparticle, such as its effective mass,
are no longer determined by the system’s microscopic pa-
rameters, but instead become state-dependent, allowing them
to be modified by external parameters such as the tempera-
ture T'. Our numerical simulations of finite size spin systems
in two and three spatial dimensions indicate a characteristic
scaling of this fluctuation-induced spin wave gap of the form
A(T) ~ T where yu = 1/4 (u =~ 1/2) at low (intermediate)
temperatures. We explain these results using a phenomeno-
logical theory that takes into account the quartic oscillations
and their coupling to other quadratic modes that inevitably ex-
ist in the system. Specifically, this theory reveals an intriguing
finite-size effect resulting from the small number [O(1)] of
quartic modes that couple to O(N) quadratic modes (where
N is the total number of spins). Consequently, although the
low-temperature gap scaling with ¢ = 1/4 is a direct conse-
quence of the quartic oscillation, the low-temperature regime
in which it occurs vanishes in the thermodynamic limit, leav-
ing only the thermally generated gap with . = 1/2.

Through our detailed understanding of the gap scaling asso-
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FIG. 1. (a) Zero temperature phase diagram for the Ji-.J>-J3 Heisen-
berg model on the square lattice, with ferromagnetic J; < 0. Four
different phases are present: ferromagnetic order with @ = (0, 0)
(purple region), stripe order with @ = (0, 7), (7, 0) (light blue re-
gion), one dimensional spiral with @ = (0, Qo), (Qo,0) (yellow
region), two dimensional spiral with Q@ = (Qo, Qo) (red region).
The red point corresponds to the specific values of Jo and J3 used
in this work; panels (b) and (c) refer to this point. (b) Energy dif-
ference per spin as a function of the wave vector g of the coplanar
spiral, e(qz, gy) — egs, where egs denotes the energy minimum. The
energy minima are at @ = (0,+%) and Q = (£2,0). (c) II-
lustration of the ground state configuration with the spiral along the
y axis. This configuration corresponds to Qg = (0, :I:%") (the se-
lected order with associated Bragg peak).

ciated with quartic spin oscillations, we extend previous the-
oretical work on a related type of fluctuation-induced spin-
wave gap that has been predicted in the context of a thermal or
quantum order-by-disorder effect due to an exact but acciden-
tal ground-state zero mode, giving rise to a so-called pseudo-
Goldstone mode [12—-15]. In the thermal classical case, the
spin-wave gap was found to scale with the same characteristic
exponent 1 = 1/2 [14]. This implies that pseudo-Goldstone
modes do not require the existence of exact ground-state zero
modes, which are rarely found in real materials. Instead, they
can be observed under less stringent conditions in the pres-
ence of quartic potentials, which we demonstrate can occur
under rather general assumptions for isotropic spin systems.

On the experimental front, the dynamical gap generation
atop an anharmonic potential we study may have already been
detected in neutron scattering experiments on magnetic mate-
rials such as the pyrochlore helimagnet ZnCrsSe, [16, 17] and
the half-Heusler compound GdPtBi [18]. Here, we provide
the theoretical basis for these observations by relating them to
quartic oscillations using a classical description to predict the
ensuing temperature dependence of the spin-wave gap.

Spin Systems and Quartic Perturbations.— To set the stage
for our study of anharmonic spin oscillations in isotropic
spin systems, we first consider a minimal two-dimensional
(2D) square lattice model that supports soft modes in a quar-
tic potential. Later, we will extend this analysis to a three-
dimensional (3D) cubic lattice to confirm that our results ap-
ply to a wider range of spin systems and the more common
3D situation. In the square lattice case, we consider a Heisen-
berg Hamiltonian with exchange couplings extending up to
third-nearest neighbors, with ferromagnetic J; < 0 and anti-
ferromagnetic J2, J3 > 0 couplings:

H=J Z Si'Sj+J2 Z Sz"Sj+J3 Z SZSJ (D)

(i<g), (i<7)s (i<j)s

Here, (.. .), indicates the sum over the n'"-nearest neighbors,
and the spins are treated classically as three-dimensional vec-
tors with unitary norm |S;| = 1. The ground-state spin con-
figuration for Eq. (1) is a coplanar spiral [19],

cos(Q - i + )
sin(Q - ri +9) |, 2
0

GS _

where Q = (Q,,Q,) is the spiral wave vector, 7; is the po-
sition of site ¢, and ¢ € [0,27) is a phase. Without loss of
generality, we assume the spiral to be in the z-y plane and
also set ¢ = 0. The wave vector @ is then determined by sub-
stituting the spiral spin configuration into the Hamiltonian and
identifying the @ that minimizes the system’s energy. We fix
Ji1 = —1, Joy = 0.476393205, and J3 = %JQ — %, such that
the ground state is a one-dimensional spiral with two possible
commensurate wave vectors @ = (0, £2%) and (+2F, 0), re-
lated by a 7r/2 lattice rotation (see Fig. 1). While the commen-
surability of the spiral is irrelevant to the physical properties
that we study herein, it tremendously simplifies the numerical
calculations as it enables periodic boundary conditions.

The continuous O(3) symmetry of the Hamiltonian cannot
be broken at finite temperatures in two dimensions, exclud-
ing a transition into a long-range magnetically ordered phase
[20]. However, the system undergoes a finite-temperature
Ising transition associated with the discrete Zo symmetry be-
tween the two (energetically degenerate) spiral wave vector
directions [21]. Specifically, the one-dimensional spiral phase
breaks the square lattice’s fourfold rotational symmetry down
to a twofold symmetry, with the spiral oriented along either
of the Cartesian directions (see Fig. 1). The selected ordering
wave vector, @, is responsible for the Bragg peaks of the
ground-state order, and we refer to the wave vector that is not
selected as Q,p, where “aB” stands for anti-Bragg.

This system has two key properties that are essential in har-
boring the physics of anharmonic collective excitations that
we aim to explore. First, the system supports spin oscilla-
tions in an effective quartic potential which correspond to spin
fluctuations in the direction perpendicular to the planar spiral
ground state in Eq. (2) and characterized by the wave vector
Q.p. Specifically, we consider S{"* as a perturbed state
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FIG. 2. (a) Normalized dynamical structure factor S(q,w) at ¢ =
Q. for different temperatures, obtained using sMD simulations for
L = 80 in the 2D case. The gray-dashed lines show Lorentzian
function fits. The position of the maximum indicates the gap A.
(b) Logarithm of the gap A as a function of the logarithm of the
temperature in the 2D case. To guide the eye, we plot two reference
lines with slopes of 1/4 (blue line) and 1/2 (red line). The colored
points and the dashed lines correspond to the data (with error bars
defined in the SM [22]) and fitting function [Eq. (6)], respectively.
The vertical lines correspond to log;, T* with T = 6\/a?, where
the fitted function changes slope for the different sizes. The inset
shows the finite-size scaling analysis for this quantity. (c) The same
information for the 3D model.

about the long-range ordered ground state,

0
rti 1
S = | S 46 0 )
’ cos(Qap - Ti + ¢')
Here ¢ is the perturbation amplitude, Ni is the site (7)-
dependent normalization to ensure |S{""‘| = 1, and ¢’ €

[0,27). We show in the Supplemental Material (SM) [22]
that such a perturbed non-coplanar state always has a van-
ishing 62 term in the energy, regardless of the range of the
interactions, as long as the Hamiltonian conserves the Cl,
reflection, and translation symmetries of the square lattice.
For our particular set of interactions, the energy per site is
e = egs + 0.0395% + O(8%) [22]. Second, aside from three
zero modes arising from perturbations with the wave vector
Qs — which correspond to global spin rotations that preserve
the spiral order and would represent real Goldstone modes
at Qp were the system magnetically long-range ordered at
T > 0 — the system does not exhibit any additional modes
softer than the quartic ones discussed above. In particular, the
system has no accidental ground-state degeneracies [23] lead-
ing to zero modes, such as occurs in the context of order-by-
disorder phenomena [14]. Therefore, the system considered
allows us to focus specifically on the effects of quartic modes,
which have heretofore attracted limited attention.

To further establish the general scope and quantitative va-
lidity of our findings, we extend our analysis to a 3D classical
Heisenberg model on a cubic lattice. As in the 2D case, we
consider a model with general spiral ground states. This is
achieved by using a Hamiltonian with the following interac-
tion parameters: J; = —1, Jo = 4/[4(4 + 1.8 cos~)], and
Jy = 1.8/[4(4 + 1.8cos~)], where .J,, is the coupling be-
tween nth-nearest neighbors [16]. In this case, the ground
state is also given by a coplanar one-dimensional spiral given
by Eq. (2), but with ordering wave vectors Q@ = (0,0, +7),
(0,£7,0) or (£7,0,0). We fix v = 27/5, yielding again a
five-site periodic spiral. Below a critical temperature 7, one
of these three spiral configurations is selected, and the perpen-
dicular spin fluctuations with the not-selected wave vectors
correspond to quartic oscillations [22].

There are two main differences between this 3D model and
the 2D model discussed above. First, quartic oscillations can
now involve contributions from rwo wave vectors, correspond-
ing to the not-selected spirals in the ordered state. Second, in
3D, the SO(3) spin symmetry is explicitly broken in the or-
dered phase below T, giving rise to true magnetic long-range
order (we find that both types of symmetry breaking, lattice
rotation and spin rotation, occur at the same critical tempera-
ture T,).

Numerical simulations.— To investigate the dynamic sig-
natures of quartic modes, we perform classical Monte Carlo
(cMC) [24] and spin molecular dynamics (sMD) [25] sim-
ulations on the models introduced above. Using equili-
brated states generated from cMC as initial configurations for
the sSMD simulations, we compute the spin structure factor,
S(Q,w), as a function of temperature [22]. Specifically, our
focus is on the determination of the excitation gap A at the
wave vector ¢ = Q,p of the quartic perturbation in Eq. (3),



which can be extracted by fitting the spectra with a Lorentzian
function [22].

In the 2D case, the cMC results show that at 7, = 0.071(3)
the system breaks the fourfold lattice rotation symmetry and
develops a one-dimensional spiral along the & or y direction.
Below T, S(Q.p,w) displays a peak at a finite frequency
that decreases with temperature [see Fig. 2(a)]. Extracting
the value of the gap for each temperature results in Fig. 2(b),
where we show the gap A as a function of the temperature
in a log-log plot for several square systems with linear sizes
L = 20, 40, 60, and 80. This gap can be attributed to an anhar-
monic effect because linear spin wave theory would predict a
gapless mode at this point as it treats quartic oscillations as
zero modes [16].

In the 3D case, we use cubic systems with N = L? spins
to compute S(Q,p,w). The cMC calculations show that at
T. ~ 0.17(1), the system orders in a one-dimensional spiral
along &, y or 2. As expected, the dynamical structure factor
at g = Q,p, and ¢ = Q,p, displays a peak at the same
frequency [22]. The results are shown in Fig. 2(c) for L = 10
and 15. The similarities between the results for the 2D and 3D
models show that the gap behavior is a characteristic property
of a system that possesses quartic perturbations.

Overall, our results can be summarized by three key obser-
vations, which we will explain in detail below

1. At low temperatures, the gap is well described by the
scaling A ~ T'/4 for both the 2D and 3D models, as
can be seen in Fig. 2(b) and 2(c), respectively.

2. At higher temperatures, the gap increases faster than
A ~ T'/* Remarkably, and maybe counter-intuitively,
the largest gap is found right below the phase transition,
although the order nearly vanishes in this regime. This
indicates that the gap at Q,p is a robust feature of the
ordered phase.

3. Finite-size effects are more prominent at low 7', where
A ~ T'* as seen in Fig. 2(b) and 2(c).

The T"/* behavior.— To explain the origin of the exponent
1/4 observed in Fig. 2 at low temperatures, we model the sys-
tem’s dynamics by a simple classical oscillation in a quartic
potential and in thermal equilibrium, described by the Hamil-
tonian

2
Hy =2 4, @)

2m
where the first term is an effective kinetic term. Then, by a
straightforward dimensional analysis, one finds that the fre-
quency of the oscillation scales as w ~ AY/4E'/4 for an ex-
citation of energy E. Associating the frequency with the gap,
A ~ w, and taking into account E' ~ T', we obtain A ~ T/%,
explaining our numerical observations (see End Matter for an
alternative numerical approach to the 7'/* gap scaling). The
effective Hamiltonian H4 accounts only for the energetic con-
tribution of the quartic mode, and is therefore expected to be

accurate only at very low temperatures.

Entropic effects.— At moderate finite temperatures, the en-

tropic effects must be considered. These contributions can be

4

effectively modeled by including an additional ~ T2? term
in Eq. (4), which arises from integrating out other spin-wave
modes that interact with the quartic mode. This leads to a
minimal modified effective Hamiltonian
2
Hep = Hi+ oTa? = 2= 4 a4 aTe®.  (5)
2m
The additional term is negligible at very low temperatures,
but it becomes comparable to, and ultimately dominates over
the quartic term as temperature increases. To determine the
temperature dependence of the frequency of the oscillator
in Eq. (5), we perform a mean-field decoupling of the x*
term [22], yielding

T \"*
A:W‘(H,/HQ ) 7 ©)
m T

where T* = 6 /a?. This result has two interesting limits: i)
for T' > T, where the entropic contribution dominates over
the quartic term, A ~ VT, and ii) for T <« T, where the
quartic term remains dominant, A ~ 7%/, Thus, the temper-
ature T sets a rough crossover energy scale below which the
quartic mode gap scales as 7"/# and above which it follows
V/T. This result not only explains our observation that the gap
increases more rapidly at higher temperatures, but also pro-
vides a phenomenological equation that can be fitted to our
numerical simulations.

In Fig. 2(b) and 2(c), we fit our numerical results for the
2D and 3D models to the prediction of the phenomenological
theory of Eq. (6) [22]. For both models, we find a good agree-
ment between the simulations and the phenomenological the-
ory, especially at low temperatures. The region where the phe-
nomenological model predicts a ~ /T behavior is harder to
identify, but is still identifiable in our numerical data. Specif-
ically, the red line in Fig. 2(b) corresponds to a plain ~ /T
function demonstrating that in a small intermediate tempera-
ture regime, our results indeed follow this behavior approxi-
mately. The vertical lines in Fig. 2(b) and 2(c) show the char-
acteristic crossover temperature 7 obtained from our fits.

Finally, for both the 2D and 3D models, significant de-
viations between the simulations and the phenomenological
model occur near the critical temperature 7. This is expected,
since the order parameter fluctuations become strong and the
fundamental underlying assumption of a state selection with
wave vector Qi ceases to be fulfilled.

Finite-size effects.— As stated previously, finite-size effects
become important at low temperatures, which is also evident
from the L-dependent crossover temperatures 7™ highlighted
in Fig. 2(b) and 2(c). To explain this, we formally derive here
the phenomenological model of Eq. (5) presented above based
on heuristic arguments. The first step consists of writing the
spins in terms of canonically conjugate variables {z;,p;} =
)

i



where {&;,9,;,2;} is any right-handed local orthogonal
frame. This is a faithful representation of spins since
{zi,p;} = d;; ensures the canonical Poisson bracket rela-
tion for the components of S;. Inserting Eq. (7) into the spin
Hamiltonians above, with the local frame aligned with the
ground-state spiral ordering at wave vector Qp, and Taylor
expanding in z; and p;, allows us to isolate the quartic mode
and derive the phenomenological model (see details in End
Matter). The key finding is that A in Eq. (5) depends on the
system size as A ~ 1/N. This result can be traced back to a
prefactor 1/ v/N in the Fourier transform, and implies that the
crossover temperature behaves as T* ~ 1/N, which is con-
firmed by our numerical results [inset of Fig. 2(b)]. This also
affects the low-temperature regime, where the gap behaves as
A~ (T/N)Y4,

This result not only explains our observations in the nu-
merical calculations, but also provides important non-trivial
information about the approach to the thermodynamic limit
N — 00. On one hand, the gap closes in the low-temperature
regime, A — 0 for N — oco. At the same time, the crossover
temperature 7 vanishes for N — oco. This implies that only
the A ~ /T regime arising from entropic effects survives
for large enough systems. Interestingly, this is the same result
that was previously found for order-by-thermal-disorder cases
with exact zero modes arising from continuous accidental de-
generacies [14].

Although the quartic term in the energy is suppressed by
a factor of 1/N for individual magnon excitations, it can re-
emerge in other settings. For example, in the presence of true
or accidental degeneracies, one can form wide domain walls
connecting states within the degenerate manifold at vanishing
(or nearly vanishing) cost [26]. In our case, however, domain
walls between the two symmetry-related incommensurate or-
ders cost O(J) because of the quartic potential. Relatedly,
interactions among parametrically pumped magnons in ferro-
magnets can overcome the same 1/N suppression when the
mode population is large, leading to a range of nonlinear dy-

namical phenomena [27].

Conclusion.— In this Letter, we demonstrated that quartic
potentials which generically arise in isotropic spiral spin sys-
tems lead to a distinctive spin-wave gap of the form A ~ /T
in the thermodynamic limit. Interestingly, this gap scaling
does not result directly from spin oscillations in the quartic
potential, but rather from entropic effects that consider the
interaction between the quartic mode and the other (macro-
scopic number of) harmonic modes. The absence of direct
signatures of quartic oscillation (which lead to a gap scaling
A ~ T'*) in the thermodynamic limit is a subtle finite-size
effect, as we showed using analytical and numerical methods.

The firm understanding of the role of quartic oscillations
developed here for classical spin systems paves the way for
future investigations of similar quantum effects at zero and
nonzero temperature [15]. By being controlled by the inverse
spin length 1/5, such effects are expected to conspire with
thermal fluctuations to again generate dynamical spin wave
gaps A. The ultimate goal of such studies will be to investi-
gate the impact of finite spin lengths 1/S > 0 on the tempera-
ture dependence A(T") in isotropic spiral spin systems and, in
a parallel pursuit, seek to expose such behavior in real candi-
date materials such as ZnCrySey [17].

Acknowledgments.— We thank D. Peets and D. Inosov
for helpful discussions. A. F. and M. G. G. acknowl-
edge the use of the JUWELS cluster at the Forschungszen-
trum Jiilich and the HPC Service of ZEDAT, Freie Univer-
sitdt Berlin. S. K. acknowledges financial support from the
Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy through
the Wiirzburg-Dresden Cluster of Excellence on Complex-
ity and Topology in Quantum Matter — ct.qmat (EXC 2147,
project-id 390858490). The work at the U. of Waterloo and
the U. of Windsor was supported by the NSERC of Canada
M. J. P. G. and J. G. R.). M. I. P. G. acknowledges support
from the Canada Research Chair program (Tier I).

[1] P. Wolfle, Quasiparticles in condensed matter systems, Reports
on Progress in Physics 81, 032501 (2018).

[2] C. Kittel, Quantum Theory of Solids, 2nd ed. (Wiley, New York,
NY, 1991).

[3] A. L. Fetter, Rotating vortex lattice in a Bose-Einstein conden-
sate trapped in combined quadratic and quartic radial potentials,
Phys. Rev. A 64, 063608 (2001).

[4] O. Gygi, H. G. Katzgraber, M. Troyer, S. Wessel, and G. G. Ba-
trouni, Simulations of ultracold bosonic atoms in optical lattices
with anharmonic traps, Phys. Rev. A 73, 063606 (2006).

[5] M. Lakshmanan and R. Sahadevan, Painlevé analysis, Lie sym-
metries, and integrability of coupled nonlinear oscillators of
polynomial type, Physics Reports 224, 1 (1993).

[6] V. M. Bannur, P. K. Kaw, and J. C. Parikh, Statistical mechanics
of quartic oscillators, Phys. Rev. E 55, 2525 (1997).

[7] T.Lan, C. W. Li, O. Hellman, D. S. Kim, J. A. Mufioz, H. Smith,
D. L. Abernathy, and B. Fultz, Phonon quarticity induced by
changes in phonon-tracked hybridization during lattice expan-
sion and its stabilization of rutile TiO2, Phys. Rev. B 92, 054304

(2015).

[8] B. Wehinger, A. Bosak, and P. T. Jochym, Soft phonon modes in
rutile TiO2, Phys. Rev. B 93, 014303 (2016).

[9] C. Cséki, C.-S. Guan, T. Ma, and J. Shu, Generating a Higgs
Potential Quartic Term, Phys. Rev. Lett. 124, 251801 (2020).
[10] N. Arkani-Hamed, A. G. Cohen, E. Katz, and A. E. Nelson, The

Littlest Higgs, Journal of High Energy Physics 2002, 034 (2002).

[11] N. Arkani-Hamed, A. G. Cohen, E. Katz, A. E. Nelson, T. Gre-
goire, and J. G. Wacker, The Minimal Moose for a Little Higgs,
Journal of High Energy Physics 2002, 021 (2002).

[12] J. G. Rau, P. A. McClarty, and R. Moessner, Pseudo-Goldstone
Gaps and Order-by-Quantum Disorder in Frustrated Magnets,
Phys. Rev. Lett. 121, 237201 (2018).

[13] M. Gohlke, L. E. Chern, H.-Y. Kee, and Y. B. Kim, Emer-
gence of nematic paramagnet via quantum order-by-disorder and
pseudo-Goldstone modes in Kitaev magnets, Phys. Rev. Res. 2,
043023 (2020).

[14] S. Khatua, M. J. P. Gingras, and J. G. Rau, Pseudo-Goldstone
Modes and Dynamical Gap Generation from Order by Thermal


https://doi.org/10.1088/1361-6633/aa9bc4
https://doi.org/10.1088/1361-6633/aa9bc4
https://doi.org/10.1103/PhysRevA.64.063608
https://doi.org/10.1103/PhysRevA.73.063606
https://doi.org/https://doi.org/10.1016/0370-1573(93)90081-N
https://doi.org/10.1103/PhysRevE.55.2525
https://doi.org/10.1103/PhysRevB.92.054304
https://doi.org/10.1103/PhysRevB.92.054304
https://doi.org/10.1103/PhysRevB.93.014303
https://doi.org/10.1103/PhysRevLett.124.251801
https://doi.org/10.1088/1126-6708/2002/07/034
https://doi.org/10.1088/1126-6708/2002/08/021
https://doi.org/10.1103/PhysRevLett.121.237201
https://doi.org/10.1103/PhysRevResearch.2.043023
https://doi.org/10.1103/PhysRevResearch.2.043023

Disorder, Phys. Rev. Lett. 130, 266702 (2023).

[15] A. Hickey, J. G. Rau, S. Khatua, and M. J. P. Gingras, Uni-
versal temperature-dependent power law excitation gaps in frus-
trated quantum spin systems harboring order-by-disorder (2025),
arXiv:2505.18253 [cond-mat.str-el].

[16] Y. V. Tymoshenko, Y. A. Onykiienko, T. Miiller, R. Thomale,
S. Rachel, A. S. Cameron, P. Y. Portnichenko, D. V. Efremov,
V. Tsurkan, D. L. Abernathy, J. Ollivier, A. Schneidewind, A. Pi-
ovano, V. Felea, A. Loidl, and D. S. Inosov, Pseudo-Goldstone
Magnons in the Frustrated S = 3/2 Heisenberg Helimagnet
ZnCraSe4 with a Pyrochlore Magnetic Sublattice, Phys. Rev. X
7, 041049 (2017).

[17] D. S. Inosov, Y. O. Onykiienko, Y. V. Tymoshenko,
A. Akopyan, D. Shukla, N. Prasai, M. Doerr, D. Gorbunov,
S. Zherlitsyn, D. J. Voneshen, M. Boehm, V. Tsurkan, V. Fe-
lea, A. Loidl, and J. L. Cohn, Magnetic field dependence of
low-energy magnons, anisotropic heat conduction, and sponta-
neous relaxation of magnetic domains in the cubic helimagnet
ZnCrySey, Phys. Rev. B 102, 184431 (2020).

[18] A. S. Sukhanov, Y. A. Onykiienko, R. Bewley, C. Shekhar,
C. Felser, and D. S. Inosov, Magnon spectrum of the Weyl
semimetal half-Heusler compound GdPtBi, Phys. Rev. B 101,
014417 (2020).

[19] E. Rastelli, A. Tassi, and L. Reatto, Non-simple magnetic order
for simple Hamiltonians, Physica B+C 97, 1 (1979).

[20] The absence of a phase transition in 2D follows from the
Mermin-Wagner-Hohenberg theorem [28, 29]. Below a certain
temperature, finite systems appear magnetically ordered when
the correlation length becomes comparable to the system size.
However, true long-range order is absent in the thermodynamic
limit.

[21] L. Seabra, P. Sindzingre, T. Momoi, and N. Shannon,
Novel phases in a square-lattice frustrated ferromagnet : %—
magnetization plateau, helicoidal spin liquid, and vortex crystal,
Phys. Rev. B 93, 085132 (2016).

[22] See Supplemental Material at URL-will-be-inserted-by-
publisher for the analytical expansion of the energy of the
quartic perturbation, details on the sMD and MC simulations,

the entropic term. It also includes Refs. [24, 30-32].

[23] Accidental continuous ground-state degeneracies are known to
occur in systems with fine-tuned interactions that display sim-
pler ground-state wave vectors such as @ = (0,+m) and Q =
(£m,0) [33]. By considering systems with spin spiral ground
states, we avoid such accidental zero modes.

[24] J. D. Alzate-Cardona, D. Sabogal-Sudrez, R. F. L. Evans,
and E. Restrepo-Parra, Optimal phase space sampling for
Monte Carlo simulations of Heisenberg spin systems, Journal of
Physics: Condensed Matter 31, 095802 (2019).

[25] B. J. Alder and T. E. Wainwright, Phase Transition for a
Hard Sphere System, The Journal of Chemical Physics 27, 1208
(1957).

[26] L. Savary, K. A. Ross, B. D. Gaulin, J. P. C. Ruff, and L. Ba-
lents, Order by quantum disorder in EroTioO7, Phys. Rev. Lett.
109, 167201 (2012).

[27] S. M. Rezende, Fundamentals of magnonics, Vol. 969
(Springer, 2020).

[28] N. D. Mermin and H. Wagner, Absence of ferromagnetism or
antiferromagnetism in one- or two-dimensional isotropic heisen-
berg models, Phys. Rev. Lett. 17, 1133 (1966).

[29] P. C. Hohenberg, Existence of long-range order in one and two
dimensions, Phys. Rev. 158, 383 (1967).

[30] L. D. Landau and E. Lifshitz, On the theory of the dispersion of
magnetic permeability in ferromagnetic bodies, Phys. Z. Sowje-
tunion 8, 101 (1935).

[31] K. Ahnert and M. Mulansky, Boost C++ Library: Odeint
(2012).

[32] S. Zhang, H. J. Changlani, K. W. Plumb, O. Tchernyshyov,
and R. Moessner, Dynamical Structure Factor of the Three-
Dimensional Quantum Spin Liquid Candidate NaCaNixF7,
Phys. Rev. Lett. 122, 167203 (2019).

[33] C. L. Henley, Ordering due to disorder in a frustrated vector
antiferromagnet, Phys. Rev. Lett. 62, 2056 (1989).

[34] T. Holstein and H. Primakoff, Field Dependence of the Intrinsic
Domain Magnetization of a Ferromagnet, Phys. Rev. 58, 1098
(1940).

[35] This representation is a classical form of the Holstein-Primakoff

fitting procedures, additional data for the cubic lattice, and the representation [34] with unit spin length and a; = (x; +
derivation of the quartic oscillator frequency in the presence of ipi)/ V2.
End Matter

Section A: Numerical simulation of the T'/* behavior—
The quartic perturbation in Eq. (3) is energetically softer than
all other possible deformations of the ground state (apart from
global spin rotations). Therefore, we can alternatively access
the low-temperature behavior by initializing the system pre-
cisely in the exact perturbed state described by Eq. (3), and
then obtain its dynamics via sMD for varying perturbation
strengths §. The sMD results for the 2D model then show
that the dynamical spin structure factor S(Q,p, w) at the anti-
Bragg point is gapped and the gap A scales linearly with the
perturbation strength, A ~ § (see Fig. E1). Based on this re-
sult, we can infer the temperature dependence of the gap by
considering that the energy for a quartic mode is F ~ 64, and
E ~ T by the principle of equipartition. Thus, we find that
§ ~ T* yields a gap that scales as A ~ T"/* in agreement
with the dimensional analysis presented in the main text.

Section B: Derivation of the phenomenological model.—
To derive the phenomenological quartic oscillator model from
the microscopic spin Hamiltonian, we start from a different
representation of the classical spins:

1 . 1 -
Si = (1= @i +p) @i+ 1= (27 +p]) pi 9

1
+ {1 - 5 +p§)} Z, (ED)
where the real variables x;, p; satisfy the Poisson bracket re-
lation {x;,p;} = di;, and {&;,Y;, 2;} is any right-handed
local orthogonal coordinate frame [35]. This representation,
together with the Poisson bracket relation of x; and p; re-

produces the canonical Poisson bracket for spin components
{87,8} = 6ij >, €npoS7. We further choose the local

(2
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FIG. E1. Gap computed as the maximum of S(Qag, w) as a function
of the perturbation strength ¢ for the 2D model. The data are fitted
with a linear function (m = 0.4).

frame {&;,9;, 2;} to be aligned with the ground-state spiral
ordering at wave vector Qp

& = —sin(Qp- ;)& +cos(Qp - 1),

= z’
= cos(Qp 7)) & +sin(Qp - ;) Y,

&
|

(E2)

X
I

where {&, ¢, £} are the Cartesian directions in the global co-
ordinate frame. Substituting Egs. (E1) and (E2) into the mi-
croscopic spin Hamiltonians, Taylor expanding in xz;, p;, and
keeping terms up to quadratic order, yields the energy

1
Hp = 2 Z Jy [cos(Qp - v) (2iivy — ] — D7) + Pilitv]
i,V
(E3)
where .J,, denotes the coupling strength on the bond v from
the lattice site ¢. Further, considering the Fourier transform

zi=—= FTige, pi=—= FTip,, (E4
\/N; K D \/N; P, (E4)

with N being the number of spins in the system, we obtain

1
oy = 5 zk: (L v _pxr + Mg p_rpi] » (ES)
where
Ly = Z J, cos(Qg - v) (e — 1),
M, = Z gy (e““"’ — cos(Qp - I/)) . (E6)

In reciprocal space, we have the Poisson bracket {x, pg' } =
Ok+ks Which thus implies the conjugate variable to xg is p—g.
Therefore, the quadratic Hamiltonian in Eq. (E5) describes a
simple harmonic oscillator with frequency wg = /L M.

Thus, a zero mode occurs when Ly = 0, M, = 0, or both
are zero. We find Lo = 0 and Mg, = Mq,, = 0. To focus
on the mode at QQ,p, we retain only the wave vectors Q,p and
—Q@,p in the Fourier expansion (as conjugate variables appear
at k and —k):

1 B .
T; = (e'LQaB'rixQ . + e_lQaB'rix_Q B) ,
VN : :
1 . .
(€T 4T ). @)

pi:ﬁ

The real valuedness of x; and p; implies the complex conju-
gate ¥, = xy, and p* , = py, for any k. Making use of these
conditions and the relation {2, pg } = Ok, We rewrite the
Fourier components as the following

Q. = (X+ZP)/\/§’ L—Qap = (X _ZP)/\/i
PQus = (P—iX)/V2, p_q.. = (P+iX)/V2,ES)

where X, P gnde( P satisfy the Poisson bracket relations
{X,P} = {X, P} =1, and other Poisson brackets are zero.
Eq. (E7) then becomes

xTr; = \/z (X COS(QaB -'I’i) — Psin(QaB -’I”i)) s
pi = \/3 (P cos(Q.B - Ti) + Xsin(QaB 7*1)) . (E9)

Substituting Eq. (E9) into Eq. (E1), Taylor expanding it up
to quartic order in X, P, X, P, and then inserting the expan-
sion in the microscopic spin Hamiltonian yields an effective
quartic oscillator Hamiltonian, which includes several quartic
combinations of those four variables. Most importantly, these
quartic terms in the Hamiltonian have an explicit system-size
dependence, whichis O(1/N); Eq. (E9) shows that each quar-
tic term is O(1/N?), with the microscopic spin Hamiltonian
having a sum over bonds, which gives a contribution of O (V)
— combining these contributions, we ultimately get a 1/N
coefficient for the quartic terms in the final effective quartic
Hamiltonian. We thus see that the prefactor of the quartic po-
tential term in Eq. (5) scales as A ~ 1/N.

With the proper /N-dependent scaling of the effective quar-
tic Hamiltonian in reciprocal space at hand, proceeding next
with a mean-field decoupling of the quartic terms as done for
Eq. (5), yields an effective simple harmonic oscillator whose
frequency — and hence the gap A — has the same form as in
Eq. (6), with the crossover temperature 7* ~ 1/N. Thus, the
gap at low temperatures behaves as A ~ (T/N)'/%, while at
high temperatures, where the entropic contribution dominates,
A ~ /T — independent of the system size. Consequently,
in the thermodynamic limit (N — o0), 7" — 0 and only one
scaling relation — A ~ /T — remains.
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S1. Energy expansion of the quartic perturbation

In this section, we present the series expansion of the energy for a spiral state perturbed by a perpendicular perturbation with
wave vector @, in both the square and cubic lattices, demonstrating the quartic dependence of the energy of such a state on the
perturbation amplitude.

1. Square lattice

To illustrate how quartic modes emerge in a spiral ground state perturbed by a perpendicular perturbation with a wave vector
corresponding to the non-selected spiral, Q,p, we consider a generic spiral with period L. First, it is useful to rewrite the
perturbed state given in Eq. (3) of the main text as:

uartic 1 Cf)S (zfﬂ—y)
S = sin (gﬂy) , (S1)
\/1 + 62 cos? (2£x) \dcos (%£2)

where the position of site i is given by r; = (z,y) and we set Qg = (0,27/L), Q.5 = (27/L,0). Furthermore, we have set
the arbitrary phases to be ¢ = ¢’ = 0. Next, consider the energy term associated with the nth nearest-neighbor interactions:

Ty > 8-S (S2)

© jenMnnofi
This term is proportional to the scalar product between the spin at site 7; = (x,y) and its n™ nearest neighbors, given by
r; =(r+a,y+£b)and (z £ b,y £ a). To avoid double counting, we include only one term from each pair related by a global
minus sign: (z + a,y +b), (x —a,y +b), (x — b,y + a), and (x — b,y — a). These four terms form two pairs related by a
90° rotational symmetry around the 2 axis. To show that the quadratic term vanishes, it is sufficient to consider one such pair,
summed over the entire lattice:

> S(x,y)- S(z+a,y+b)+ S(z,y) - S(z — by +a). (S3)
.y

Expanding the scalar products in a series of J, we obtain for the second-order terms the following expression:
2 2 2
;52 cos <£Tx) [cos (2(:6 + a)) + cos <£r(a: — b))]

52 2m 5 (2w 5 (2w

_ il il = (S4)
2cos<Lb> [cos (L(:c+a)>+cos <Lx)]
52 2m 5 (2w 5 (2w

— & cos (La) [cos (L(:c - b)) + cos Lx) .



2

Using algebraic manipulations and the fact that summing over the entire lattice causes terms proportional to cos (QT’T:E) and

sin (2% ), or equivalent expressions for v, to vanish, we arrive at:
L

52 4 2r \ . o (27 . (27 5 (2w B
Z ?COS (Lx) [cos (Lb) sin (La> + sin (Lb) cos (La>} =0. (S5)

T,y

This final expression vanishes when summing over the entire lattice. Therefore, while the existence of a spiral ground state
depends on the Hamiltonian, the quartic nature of the mode involving a perpendicular perturbation with the wave vector of the
non-selected spiral is a general property of the spiral ground state, independent of the specific Hamiltonian. The same argument
also applies to two-dimensional spirals.

The energy expansion up to the fourth order for the state in Eq. (S1), specific to the square lattice discussed in the main text,
is given by

e(6) =Y ei(d) = —1.00729 + 0.039065* + O(5°), (S6)

i=1

where e; with ¢ = 1, 2, 3 are the energy contributions from the different lattice bonds with couplings .J1, Js, J3, respectively.

2. Cubic lattice

To compute the energy expansion, we consider a state similar to the one in Eq. (S1), generalized to the equal superposition of
the two quartic perturbations S7 ~ §[cos(Qap, * i) + cos(Qap, - 7i)]. We rewrite the state as:

A cos ()
S = 1 sin (%) ! (87)
\/1+52(cos2(27”m) +cos? (222)) \6(cos () + cos (2 z))

where r; = (z,y,2), Qs = (0, 25,0), Qup, = (27”, 0,0), and Q,p, = (0,0, 2%). To show that the terms proportional to 62 in
the expression in Eq. (S2) vanish, the procedure is analogous to the one presented for the square lattice. The only difference in the
cubic lattice case is that we must consider three contributions, as the perturbation consists of two terms. Specifically, the scalar
product is taken between the spin at site 7; = (z, ¥, z) and three of its n*® nearest neighbors: (1) the spin at (z +a,y + b,z +¢)
(2) the spin at (x — b,y + a, z + ¢) obtained by a 90° rotation around the 2-axis (3) the spin at (x + a,y — ¢, z + b) obtained by
a 90° rotation around the Z-axis.

The energy expansion up to the fourth order for the state in Eq. (S7), specific to the cubic lattice discussed in the main text, is

given by
e(8) = e1(8) + ea(8) + es(d) ~ —1.48114 4 0.1538635* + O(6). (S8)

S2. Details on the Monte Carlo simulations

To generate the spin configurations needed for the spin Molecular Dynamics (sMD) simulations, we perform classical Monte
Carlo (cMC) calculations on the square and cubic lattices. We use a particular version of the single-spin update algorithm called
the adaptive Gaussian step algorithm, which allows for a controlled and fixed 50% acceptance ratio at all temperatures [S1].
Additionally, for each spin-update trial, we perform two over-relaxation steps. Then, at a given temperature, we perform 5 x 10°
c¢MC steps consisting each of N single-spin update trials and 2N over-relaxation steps, where NV is the number of spins in the
system. Data for measurements is collected during the second half of the cMC steps.

For both lattices, we perform two types of simulations: cooling down and heating, both with logarithmic temperature steps.
For the cooling-down simulations, we do 120 temperature steps from 7'/J = 2 down to 7'/J = 0.01, where J is the largest
coupling. Then we perform an extra 31 steps down to 7'/.J = 10~12. For the heating simulations, we depart from a ground-state
configuration and perform 34 logarithmic steps from 7'/J = 1072 up to 10~ (16 steps in the cubic case). We save the last
configuration at each temperature as a benchmark point.

From each configuration at a desired temperature, we generate 120 new spin configurations for the Molecular Dynamics
simulations. This is done by performing 5 x 10° ¢cMC steps between spin configurations, implying 60 million cMC steps
between the first and last spin configurations at a given temperature.

In the case of the square lattice, we do this for N = L? lattices with L = 20, 40, 60, and 80. In the case of the cubic lattice,
we do this for N = L2 lattices with L = 5, 10, 15, and 20. In both cases, we use periodical boundary conditions, which do not
frustrate the 5-site spiral ground state.
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FIG. S1. Classical Monte Carlo calculations for the specific heat ¢, (T"). The data from the cooling down simulations is shown in a continuous
line, while the results from heating up are shown by the full dots. The temperature is shown in 7'/ J, where J is the largest coupling in each
case. Panels (a) and (b) correspond to the square and cubic lattice models, respectively.

For completeness, we show in Fig. S1 the specific heat ¢, (T") from the cMC calculations; in panel (a) for the square lattice
model and in panel (b) for the cubic lattice. In both cases, the lines indicate the calculations for the cooling down simulations,
while the dots are the results for the heating up simulations, noting an excellent agreement between both. Also, both calculations
find evidence for only a single phase transition into a spiral phase.

S3. Details on the spin Molecular Dynamics simulations

In this section, we explain how the spin Molecular Dynamics (sMD) simulations are performed and how the dynamical
structure factor is computed within this framework.

1. Overview of the method and numerical details

The sMD simulations consist of numerically integrating the classical equations of motion for the spins:

ds;
dt

where h; = — 2L s the local effective field acting on S;, arising from interactions with neighboring spins. These equations

correspond to the Landau-Lifshitz equations without the damping term [S2]. The numerical integration is carried out using the
Runge-Kutta Cash-Karp method, implemented through the Boost C++ Library [S3].

2. Computing the dynamical structure factor

The central quantity of our study is the dynamical structure factor

N oo
S(q7w):ﬁ Z/ ewte™1a(mi=ri) (§,(0) - 8, (t))dt (S2)

ij=1"~

evaluated at ¢ = Q,p. To compute S(Q.5,w), we follow the approach of Ref. [S4]. Specifically, the spin Fourier transform for
each spin component is computed during the simulation. At the end of the time evolution, S(Q,5, w) is obtained by multiplying
the Fourier transform by its complex conjugate and summing over the components. For the calculation of S(Q.p,w) at finite
temperature, the results are obtained by averaging over 120 simulations. Each simulation starts from an independent, equilibrated
MC configuration, which is obtained by heating up the system starting from zero temperature.



S4. Fitting procedures

In this section, we describe the fitting procedures used in this work. First, we explain how the gap value is extracted from the
dynamical structure factor. Then, we discuss how these extracted values are fitted using the function in Eq. (6) of the main text,
which is derived from the phenomenological model. The results of the second fit are shown in Figs. 2(b) and 2(c).

1. Gap extraction from the dynamical structure factor

The value of the gap at ¢ = Q,p is obtained by fitting S(Q.p, w) with a Lorentzian function multiplied by a scaling factor
A:

_ Y
T = A = D

The value of the gap corresponds to the position of the maximum, given by xy. For each linear size and temperature, we compute
the difference between the gap value extracted from the fit and the position of the maximum of S(Q.p,w). Since all observed
differences lie within 3+ /4 (square lattice) and ~/2 (cubic lattice), we adopt these values as estimates of the error.

2. Fitting the simulated gaps

The gap values are fitted using the function in Eq. (6) of the main text, which describes the gap behavior derived from the
phenomenological model. At low temperatures, this function predicts A ~ T/4. This scaling is confirmed by the linear fit
of log T versus log A, shown by the blue line in Fig. 2(b) for the square lattice and the blue line in Fig. 2(c) for the cubic
lattice. Thus, we verify that the function in Eq. (6) provides a good fit to the data at low temperatures. Starting from the
lowest temperatures, we gradually increase the number of data points used in the fit. For each step, we compute x?/df, where
df = n — 2 is the number of degrees of freedom (with n being the number of points used, minus two since the fit depends on
two parameters). We then compare x?/df with the chi-squared critical value at a 95% confidence level, denoted as X3 5 /df.
The computed x?/df values and corresponding critical values for the two lattices are shown in Fig. S2. The fits presented in
Figs. 2(b) and 2(c) correspond to the maximum number of points where 2 /df remains below the critical threshold across all
linear system sizes. This results in n = 19 for the square lattice and n = 8 for the cubic lattice.
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FIG. S2. (a) The reduced chi-squared per degree of freedom, x?/df, as a function of n, the number of points used to fit the gap values with
the function in Eq. (6), for the square lattice with L = 20, 40, 60, 80. Since this function depends on two parameters, the degrees of freedom
are given by n — 2. The black squares represent the critical value x3. o5 /df. The yellow region highlights the maximum number of points
for which x? /df remains below the critical chi-squared value for all system sizes. These selected points, starting from the lowest-temperature
point, are those used in the fit shown in Fig. 2(b) of the main text. (b) Same as (a) for the cubic lattice, with L = 10, 15.



S5. Additional data for the cubic lattice

In this section, we present additional data for the cubic lattice. Specifically, the energy gap as a function of the perturbation
strength, and the gap as a function of temperature at the two anti-Bragg wave vectors.

1.

Dynamical gap as a function of the perturbation strength

Similarly to the square lattice discussed in the End Matter, we compute S(Q.5, w), starting from a configuration in which the
quartic modes are excited directly, using the expression in Eq. (S7). The sMD simulations show that S(Q 5, ,w) and S(Q.p,,w)
display a peak at the same frequency, that scales linearly with ¢, see Fig. S3.
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FIG. S3. (a) Normalized dynamical structure factor S(q,w) at ¢ = Qa.g for different values of the perturbation strength §, obtained from
sMD simulations for L = 15. The calculation is performed at both Q.g, and Q.B,, and since the resulting curves are identical, we use the
notation Q.5 in the plot to represent both points. (b) Gap A at ¢ = QaB,, equal to the one at ¢ = QaB,, as a function of the perturbation
strength &. The data are fitted with a linear function (m = 0.32).

2. Equivalence of the gap at the anti-Bragg points

As explained in the main text, the cubic lattice exhibits quartic modes at the two not-selected spiral wave vectors denoted as
Q.B, and Q,p,. As shown in Fig. S4, the gap at Q,p, and Q,p, is the same, which agrees with the equivalence of these points.
This agreement further confirms that the initial configurations are equilibrated correctly. In Fig. 2(c) of the main text, the gap
values are obtained from the average of the gaps at the two anti-Bragg points.

S6. Frequency of the quartic oscillator in the presence of the entropic term

We consider a phenomenological model of a quartic oscillator with an additional entropic contribution, described by the
effective Hamiltonian

_

H
eff m

+ Mzt + aT2?, (S1)
where the first two terms are energetic contributions and the last term arises from entropy (see the main text). To estimate the
frequency of this oscillator, we apply a mean-field decoupling of the quartic term as z* ~ 6 (2%) 22, where (- - ) denotes thermal
average, assuming thermal equilibrium at temperature 7. The factor of 6 comes from the number of ways to contract z# into a

product involving (x2?) 2. This decoupling leads to an effective quadratic Hamiltonian

2

Hyuaa ~ ZPTn + (6M(2?) + aT) 22 (S2)
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FIG. S4. Values of the gap A as a function of temperature, extracted respectively from S(Qas,,w) and S(Qas,,w), for the cubic system
with linear size L = 15.

For such a quadratic Hamiltonian, the thermal average

T T

2
= = ) S3
(@) mw?  2(6A(z2) +aT) (53)
This equation can be solved self-consistently for (2) to find the frequency w or, alternatively, one may rewrite Eq. (S3) as
26T
2 mw?

This is a quadratic equation in w, giving

T 57\
w\/a<1+ 1+ > , (S5)
m T

where T* = 6/, This frequency is identified as the thermal gap A of the quartic mode at temperature 7.
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